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0 Overview

What does it mean to know the chances of something to occur? When we say,
“how likely is something going to happen”, we are asking a question regarding
probabilities. Most students certainly have some experience with probability in
their day-to-day life. When you check the whether app for rain, you are often
prompted a percentage regarding how likely it is for rain to occur around your
surroundings. When you play traditional board games with a dice, you know
that the probability that it lands on any one of its faces is one-sixths. We can
ask more sophisticated questions that build on our basic idea of probability
theory. “If I roll two die in monopoly, what are the chances the the sum of the
two die is more than 67” It sounds simple and in fact, it is; however, the idea
of probability need not be confined to simply discrete events. Often, we also
concern ourselves with events that occur on a continuum.

In our presentation of probability theory, we will give a thorough treat-
ment to objects of both discrete and continuous nature. We begin laying the
mathematical foundation for probabilities in Section 1 followed by introducing
discrete random variables in Section 2. Continuous random variables will be
introduced in Section 3; fundamental quantities/characteristics of random vari-
ables such as moments, spread, etc. will be discussed throughout all sections
listed in this document.
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1 Introduction to Probability Theory

1.1 Lecture 0: Sets and Probabilities

We begin with a thorough reading of sets and probabilities. Before we jump
into the core concepts in probability, we want to understand the mathematical
symbols and ideas that we will frequently refer to throughout this course. Natu-
rally, this leads us to first give an appropriate treatment of sets. I have picked
up the below text from an existing lecture note! for Math 170A: Probability
Theory which requires real analysis as a pre-requisite.

In probability theory, a set represents some possible outcomes of some random
process. For example, the set {1,2,3,4,5,6} has six elements which represent
all possible rolls for a six-sided die. The set {1,2,3,4,5,6} x {1,2,3,4,5,6}
has 6 - 6 = 36 elements, representing all possible ordered dice rolls for two-six
sided dice. For example, the ordered pair (2,3) represents a roll of 2 on the
first die, and a 3 on the second die. The set [0, 1] x [0, 1] in the plane R? could
represent the set of all possible locations of a dart thrown at a square dartboard.
Eventually, we will assign probabilities to all elements of the set, but for now we
will just focus on the sets themselves.

Definition 1.1 (Set, Element, Empty Set). A set is a collection of objects.
Each such object in the set is called an element of the set. If A is a set and
r is an element of the set A, we write x € A. If x is not an element of A, we
write x € A. The set consisting of no elements is called the empty set, and this
is denoted by @.

Definition 1.2 (Finite, Countably Infinite). Let A be a set. We say that the set
A is finite if there exists a nonnegative integer n such that A can be enumerated
as a set of n elements. That is, we can write A = {x1,x9,...,x,}. We say that
the set A is countably infinite if A can be enumerated by the positive integers.
That is, we can write A = {x1, 22,3, ... }. We say that the set A is uncountable
if: A is not finite, and A is not countably infinite.

Example 1.1. The set {1,2,3,4,5,6} is finite. The set {1,2,3,4,5,6} x
{1,2,3,4,5,6} is finite. The set of even positive integers {2,4,6,8, ...} is count-
ably infinite. We could write the positive even integers in the following way:

{2,4,6,8,...} = {k € R: k/2 is a positive integer}

The last expression is read as “The set of all £ in the set of real numbers such
that k/2 is a positive integer.”

The closed interval [0,1] = {z € R: 0 < < 1} is uncountable. This (perhaps
counterintuitive) fact is sometimes proven in Real Analysis, Math 131A. That is,
there is no way to write [0,1] as a list {x1,z2, 23, ...} where z; € [0,1] for every
positive integer 1.

Definition 1.3 (Subset). Let A and B be sets. If every element of A is also an
element of B, we say that A is a subset of B, and we write A C B or B2 A. If
B C A and A C B, we say that A and B are equal and write A = B.

1Heilman, S. (2016) MATH 170A, Probability Theory, Winter 2016, UCLA.
www.stevenheilman.org/heilman/teach/170a.pdf
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Example 1.2. We represent the roll of a single six-sided die by the universal
set @ ={1,2,3,4,5,6}. The set A = {1,2,3} satisfies A C Q.

We can think of throwing darts at a flat, infinite board, so that the universal
set is 2 = R?> =R xR = {(z,y) : 2 € R and y € R}. We could imagine the
dartboard itself as a square subset [0,1] x [0,1] C Q. Or, perhaps, we could
imagine a circular dartboard as a subset {(:1c7 y) ER?: 2?2 + 92 < 1} c Q.

Definition 1.4 (Complement). Suppose A is a subset of some universal set €.
The complement of A in 2 denoted A€ is the set {x € Q:z &€ A}.

Example 1.3. If Q ={1,2,3,4,5,6} and if A = {1,2,3}, then A° = {4,5,6}.
Remark. Note that we always have @° = Q) and Q¢ = &.

Definition 1.5 (Union, Intersection). Let A, B be sets in soem universe 2. The
union of A and B, denoted A U B, is the set of elements that are in either A or
B. That is,

AUB={ze€Q:z€ Aorx € B}

The intersection of A and B, denoted A N B, is the set of elements that are in
both A and B. That is,

ANB={zeQ:z€ Aand z € B}

The set difference of A and B, denoted A\B, is the set of elements that are in
A but not in B, that is,

AB={xe€A:x¢ B}

Let n be a positive integer. Let A1, As, ..., A, be sets in . We denote

UAi:AluAgumUAn
i=1

(N 4i=A4n4n---NA4A,
i=1

Definition 1.6 (Countable Union, Countable Intersection). Let Aj, Az, ... be
sets in some universe . The countable union of Ay, As, ... denoted J!_, A; is
defined as follows.

o0
U A; = {x € Q: 3 a positive integer j such that z € Ay}
i=1

The countable intersection of Ay, As, ... denoted ﬂfil A; is defined as follows.
m A; ={z € Q: 2 € A;,V positive integers j}
i=1

We can prove that the set of real numbers R can be written as the countable
union

R=1[-4:]]

T

j=1

(@21
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We can do by showing containment from both sides. Likewise, we can also prove
that the singleton set {0} can be written as

0-fi[3

Definition 1.7 (Disjointness, Partition). Let n be a positive integer. Let A, B
be sets in some universe ). We say that A and B are disjoint if ANB=2. A
collection of sets Ay, As, ..., A, in Q is said to be a partition of Qif |J;_, A; = Q,
and if, Vi,j € {1,...,n} with i # j, we have A;NA; = @.

Proposition 1.1. Let A, B, C be sets in a universe €.

AUB=BUA
AN(BUC)=(ANB)U(AUC)
(A9 = A

AU =0
AU(BUC)=(AuB)UC
AUu(BNC)=(AUB)N(AUC)
ANAc =g

ANQ=A

P NSO W

Proposition 1.2 (De Morgan’s Laws). Let A, Ag,... be sets in some universe

Q. Then, . .
(UAZ) =4 (ﬂ&) =4
i=1 i=1 i=1 i=1

Proof. We prove the first equality, since the second follows similarly. Suppose x €

(U2, A))°. Thatis, = € ;o A;. Recallthat |Jio, A; = {z € Q:3j € ZT s.t. x € 4;}.
Since z is not in the set J;-, A;, the negation of the definition of [ J;-, A; applies

to . That is, x satisfies the negation of the statement: “dJ a positive integer

j such that = € A;”. The negation of this statement is: “Vj € Z*, we have

xz ¢ A;7. That is, V positive integers j, we ahve z € Aj. By definition of
countable intersection, we conclude that z € (=, Af.

So, we have shown that (=, 4;)° € M=, AS. To conclude, we must show
that (U;2, AS). So, let = € Dfil AS. By reversincg the above implications, we
conclude that z € (| J;2; 4;)°. That is, (U;2, 4i)" 2 Nie; A4S, and the proof is
complete. O

We should now have a thorough understanding of the underlying mathematics
and notation that we will use extensively throughout undergraduate probability
theory. The above is a more rigorous introduction and is something that
this course will not expect as the following is geared for students who have a
primary interest in non-mathematical disciplines. That being said, I thought
I would include this within the lecture notes because it is good to gain a
thorough understanding prior to jumping into the core of the class. Also, as an
undergraduate in mathematics, this was more of an authorial choice. I would
like to thank Prof. Steven Heilman for his set of the section that I have used so
far (the above is not my work and should not be assumed as such either). Prof.
Heilman is an assistant professor at the University of Southern California.
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1.2 Lecture 1: Basic Properties of Probabilities

When we roll a six-sided dice, there exists 6 possible outcomes
{1,2,3,4,5,6}
If the dice is fair, each outcome has a probability of 1/6 given by

1
# outcomes

Definition 1.8 (Outcome Space). The set of all possible outcomes of a random
experiment is called the outcome space denoted by S. The outcome space is also
known as a sample space.

Suppose there exists several candies. We randomly select one candy from a
box containing said candies with either strawberry or orange flavor. The outcome
space S is given as

S = {strawberry, orange}

Definition 1.9 (Event). A subset A C S is called an event

If Ay, A, ... A, C S satisfy A;NA; = @,Vi # j, they are called disjoint. In
other words, they’re mutually exclusive. Likewise, if Ay, As,..., A, C S satisfy
UL, 4 =A4UA,U---UA, =S, then {Ai},_, ., are called exhaustive, that
is, fully comprehensive.

Example 1.4. Let’s roll a fair six-sided die. Some possible events for this
random experiment are

{1} ) {2’ 4’ 6} ) {]" 2’ 3’47 57 6} ) {]‘7 37 5} ) {}

Example 1.5. Consider two events A and B from the experiment of rolling a
six-sided die

A:={1,2,3} B :={4,5,6}
Then,

ANB =@ = A and B are disjoint
AUB =S = A and B are fully comprehensive

Definition 1.10 (Complement). Given events Ay, ..., Ay, the complement of
Al is
2
A= JAi=A0A30-- U A,

=2

Definition 1.11 (Frequency, Relative Frequency). Let n represent the number
of times a random experiment is repeated. The frequency of an event A is the
number of times the event actually occurred, and is denoted by N (A). The
relative frequency of A in n experiments is

N(4)

n
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Suppose we roll a fair die ten times, n = 10, and we obtain 1,1, 3,5, 6, 3,2, 3,4, 4.
Let us consider the following events:

A:={1}
B :={2,4,6}
C:={1,2,3,4,5,6} =5
D={}=0o

Then,

N 2 NB_ 4 NO) 10 XD)_ 0
n 10 n 10 n 10 n 10
Definition 1.12 (Probability). The probability of an event A is the limit of

N(4)

—— as n grows larger and is denoted by the probability function P (A).
Begin by noting that

o< X&)

<1

n
Suppose we roll a fair six-sided die 6,000,000 times. We obtain the side 1 999,898
times. So, A:= {1} = P (A) = 1/6. Observe that

N(A) 999,808 1
n—6000000 1 6,000,000 6

Definition 1.13 (Probability Function). The probability function, P is defined
as

P:S—[0,1]

is a function that maps from the outcome space, S, to the interval [0,1]. In
other words, the function P is a function that assigns to each event A C S a real
number P (A) € [0, 1]. Properties of P are given as

1. P(A) > 0 for any event A
2. P(S)=1
3. Let Ay,..., Ay be disjoint such that A; N A; = @Vi # j, then,

k

k
P(A1U~~~UA,€)P<UA¢> =Y A;=P(A)+-+ P(Ap)

i=1
Remark. 1. and 2. imply that 0 < P (A4) <1
Theorem 1.1. Given an event A and its complement A€,
P(A)=1-P (A9

Proof. By definition of mutual exclusion and the third property of P( - ), we
know that P (A) + P (A°) = P (AU A°). Next, since A and A° are complements
of one another, we have AU A° = S so, P(AU A°) = P(S). By the second
property of P( - ), we have P (S) =1 and thus,

P(A)+P(A%) =1 < P(A)=1- P(A°)
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Theorem 1.2. For any outcome space S,

P(@)=0
Proof. Let @ = S¢, then,
P(@)=P(S°)=1-P(95) By Theorem 1
=1-1 By Property 2 of P( - )
=0
O
Theorem 1.3. Given two events A and B, if A C B, then
P(4) < P(B)
Proof. Let B — A := {elements of B that are not in A}. Then,
0<P(B-A) By Property 1 of P( - )
< P(A) < P(A)+P(B A)
=P(AU(B-A)) By Definition of Mutual Exclusion
= P(B) Since A C B
(1)
Then, P(A) < P(B) O

Theorem 1.4. Given two events A and B
P(AUuB)=P(A)+P(B)—-P(ANB)

Example 1.6. Suppose we want to elect a president and a vice president of a
company choosing from the candidates Alice, Bob, Charlie, Dan. How many
outcomes does this election have? No candidate can be both president and vice
president.
Suppose the president is elected first:

1. 4 Candidates for President

2. 3 Candidates for Vice President

There are 4 x 3 = 12 possible outcomes.

Remark. The number of possible outcomes is the same if we elect the vice
president first.

Theorem 1.5 (Multiplication Principle). Let experiment Ey have ny outcomes
and experiment Ey have ngy outcomes. Then, the composite experiment FEq1Fo
has ni - ny outcomes.

Theorem 1.6 (Permutation). There are n! ways to arrange n objects into a
sequence, where
nl=nn-1)n-2)---2-1

Each arrangement is called a permutation of the object.
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Example 1.7. How many ways can we select a president, vice president, CEO,
CFO of a company from a group of 11 candidates?

1. 11 choices for President.

2. 10 choices for Vice President.
3. 9 choices for CEO.

4. 8 choices for CFO.

By multiplication principle, there are:

11! _11-10-9-8-7~ﬁ-5-4~,‘3~2-}f
(11—4)! 7B-B-ABEX

Definition 1.14 (Sampling without Replacement). Let r denote the elements
we select from n different objects. Let this be an ordered sequence. If an object
is not replaced after it has been selected from the sequence, then we are sampling
without replacement.

11-10-9-8 =

Theorem 1.7. There nPr ways to perform sampling without replacement of
objects from a group of size n, where
n!
nPrzmzn(n—l)---(n—r+2)(n—7“+1)
Example 1.8. A password is composed of 4 numerical single digits. How many
possible passwords can we come up with? There exists 10 choices for all 4 digits.
By multiplication principle, there are 10 -10-10 - 10 = 10* possible outcomes.

Definition 1.15 (Sampling with Replacement). Let r denote the elements we
select from n different objects. Let this be an ordered sequence. If an object is
replaced after it has been selected from the sequence, then we are sampling with
replacement.

Theorem 1.8. There are n” ways to perform sampling with replacement of
objects from a group of size n.

10
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1.3 Lecture 2: Conditional Probability & Independence

Let’s begin our discussion by an example. How many five-card hands can we
form from a deck of 52 playing cards?

1. 52 choices for card 1
2. 51 choices for card 2
5. 48 choices for card 5

It’s tempting to answer that the total number is 52 P5 = 52!/47! but this is not
the correct result. This is because the order of the cards in our hand does not
matter. So, how many ways can we arrange the 5 cards in our hand? The result
is 5!. As such, the correct answer is

52p; 52!

51 547!

Definition 1.16 (Counting Without Order (Without Replacement)). Counting
when order does not matter is when we select 7 elements from n different objects
and the order of selection does not matter and the object is not replaced after it
has been selected.

Theorem 1.9. When the order does not matter, there are nCr ways to choose
r elements from n different objects where

|
nCr — (7;) _ nPr _ n!

r! rl(n—r)!

<7:> is also called the binomial coefficient.
Example 1.9. A basketball player takes 50 free throws and misses exactly 2.
How many ways could they have done this?

s0¢, _ 90L 5049
2148! 2

Theorem 1.10 (The Binomial Theorem).

= 1225

where

(7)==

Example 1.10. We roll a fair die twice. Given that the first outcome is 3, what
is the probability that the sum of the two dice rolls is 87 A non-rigorous answer
is that if the first die is 3, the second must be 5. The probability of rolling a 5
on the second die is 1/6. A more rigorous version is as follows.

11
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Let B be the event that we roll a 3 on the first roll. Then, possible outcomes are
B:={(3,1),(3,2),(33),(3,4),(3,5),(3,6)}
Let A be the event that the sum fo the dice is 8. Them, possible outcomes are
A:={(2,6),(3,5),(4,4),(5,3),(6,2)}

It follows that AN B = {(3,5)}. The experiment of rolling a die twice has 36
outcomes (sampling with replacement) is given by 62 = 36. Then,

1

and P (B) = 3% = %. Since B “occurred” already, B becomes our “new outcome
space” for the experiment, and the probability of A occurring given that B
occurred is

(ANB) 1/36 1
P(B)  1/6 6

P
P(A|B) =
Definition 1.17 (Conditional Probability). The probability that an event A

occurs assuming that another event B has already happened is given by

P(ANB)

P(A|B):W,

P(B)>0

This is called the conditional probability of A given B.

We can compute the probability of P (A N B) in two ways,
P(AnB)=P(A)P(B|A), P(A)>0

. P(ANB)=P(B)P(A|B), P(B)>0

It naturally follows that

P(A|B) = ]IZEE;P(BMU, P(A),P(B)>0

Example 1.11 (Monty Hall Problem). There exists 3 doors. One of the doors
hides a car, the other two doors hide a goat. Note the following:

1. The participant wins whatever is hiding behind the door they choose.
2. A participant chooses one door, suppose door 1.

3. The host reveals that a goat hides behind a door that the participant didn’t
choose, suppose door 2.

4. The host asks the participant if they want to change their selected door,
suppose from door 1 to door 3.

12
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What’s the best choice for the participant? Let

A := {car is behind door 1}
B := {door 2 is picked by host to reveal a goat}
C' := {car is not behind door 1}
Now, we don’t know what P (A | B) and P (A° | B) are, however, we do know

that P (B | A) = 1 because there are only two doors left that the host can pick
to reveal a goat. It follows that P (B | A°) = 4. Now,

P(AmB):P(B|A)P(A):%.%:%
P(ACﬂB):P(B|AC)P(AC):%.§:%
P(B)=P(ANB) + P(A° N B)=>

We yield P (B) because A and A¢ are mutually exclusive and exhaustive. So,
we can now calculate

P(ANB) 1/6 1

PAIB) = =55 =353
P(AC|B):1—P(A|B):§

We see that P (A°| B) > P (A | B) and so, the participant should switch doors.
Example 1.12. We flip a coin twice. Then,

S = {(HvH)’(HvT)v(T’H)7(T7T)}

The coin is fair when

P D=
Let
A :={heads on first flip} = {(H,H),(H,T)}
B :={tails on second flip} = {(H,T),(T,T)}
C' :={tails on both flips} = {(T,T)}
e have 111 111
P(B):Z+1:§ P(A):Z%»Z:f
P(B|C)= PBNC) _ P(C) _

P(C) P(C)
since C' C B. “Knowledge” of C occurring changed the probability of B occurring.
Indeed P (B) # P (B | C) and
P(AnB) 1/4 1
PB|AA=———*=—"—-=-=P(B
(B14) =55 = =5 =P B
“Knowledge” of A occurring did not change the probability of B. Note that
P(AnB) 1/2 1
PA|IB)=———+—+="—==-=P(A
(4]B)=—p5 B 21 2 (4)

A and B are independent events.

13
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Definition 1.18 (Independent Events). Two events A and B are independent if
P(ANB)=P(A)P(B)
otherwise, A and B are called dependent events.
In particular, if A and B are independent and P (B) > 0:

pialp = TR0 PP

Theorem 1.11. If A and B are independent events, then so are

1. A and B¢

2. A and B
3. A° and B¢
Proof. We first prove (1), P(ANB¢) = P(A) P (B°). Now
P(ANB®)=P(A)P(B°| A by def. of cond. prob.
=P(A)[1-P(B|A)] by def. of complement
=P(A)(1-P(B)) by assumption of thm.
=P (A)P(B°
Let’s now prove (2), P (A°N B) = P (A°) P (B). Begin with
P(A°NB)=P(B)P(A°|B) by def. of cond. prob.
=P(B)[1-P(A]| B)] by def. of complement
=P(B)(1-P(A)) by assumption of thm.
= P(B) P (A%

We now prove (3), P (A°N B¢) = P (A°) P (B°). Now,
P(A°NB°)=P((AUB))=1-—P(AUB)
by Theorem from lecture 1, P (AU B) = P(A)+ P (B) — P(AN B). We have

P(A°NB)=1-P(A)—P(B)+P(ANB)
=1-P(A)—P(B)+P(A)P(B) by assumption of thm.
— (1= P(4) (1 - P(B))
= P (A°) P(B°) by def. of complement

O

Definition 1.19 (Mutual Independence). A, ..., Ay are pairwise independent
if

P (A1 N Ag) = P (A1) P (As)
P (A1 N As) = P (A1) P (As)

P(Ak,1 ﬁAk) = P(Akfl)P(Ak)

14
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Ay, ..., A, are mutually independent if they are pairwise independent and

k k
P (ﬂ Ai> = HP(Ai)

Remark. Pairwise independence does not necessarily imply mutual indepen-
dence.

Example 1.13. A fair die is rolled 6 tomes.
A; = {side i is rolled on i*" roll}

Let’s call A; a “match”.
1
P(4;) = EWZ 1,...,6

1
P =1-P(A)=1-¢="
Let B := {at least one match happens}. So, B¢ = {no matches occur}. Note

that Aq,..., Ag are mutually independent. Also, note that

(=]

B¢ = O A;
P(B)=P ((6) Ai> = (2)6
Thus, - .
P(B)=1-P(B°)=1- (2)

Example 1.14. We flip a fair coin twice. Let
A= {(H,H) ) (HvT)}
B:={(H,H),(T,H)}
C:={(H,H),(T,T)}

Because the coin is fair,

P((H, H)) = P((H,T)) = P(T, H)) = P((T,T)) = |
PA) = PB)= ] P -1
A and B are independent if and only if P (AN B) = P(A) P (B). Note that

A, B and C are pairwise independent and this is verifiable.

P(ANB) = % :%-%:P(A)P(B)
P(ANC) = % :%-%:P(A)P(C)
P(BOC):%:;%:P(B)P(O)

[t
ot
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We can also check if they’re mutually independent. Now, A, B and C' are
mutually independent if and only if P(ANBNC) = P(A)P(B)P(C). We
know that

P(AmBﬂC):%#é:f~f~§:P(A)P(B)P(C)

So, we can conclude that A, B and C' are not mutually independent.

Theorem 1.12 (Law of Total Probability). Let By, ..., By be mutually exclusive
and exhaustive events, and P (B;) >0 fori=1,... k. Then

k
P(A)=) P(A|B)P(Bi)=P(A|B)P(B)+---+ P(A| By) P(By)

i=1
Proof. Begin by

k
P(A)=P<Aﬂ (ﬂ&)) =P(AN(B1NByN---N Bg))
i=1

k
:ZP(AﬂBi)=P(AﬂBl)+---+P(AﬂBk)

i=1
k
=Y P(A[B)P(Bi)=P(A|B)P(B)+- +P(A| B) P (By)
i=1
O
Theorem 1.13 (Bayes’ Theorem). Given P (A),P (B) > 0, then
P(B|A)P(A)
P(A|B)=——~———
Remark. By Bayes’ Theorem, we also have
P(A|B)P(B)
P(A|B)=——F"—"—+——
(41 8) = AT
Proof.
P(A|B) = P(]jl(;)B) By definition of cond. prob.
= P(BJL?%)P(A) By definition of cond. prob.
O

Bayes’ Theorem is very nice. There’s an entire field of 'Bayesian Statistics’
after Bayes. Consider an example.

Example 1.15. Suppose we have 3 machines producing GPUs for computers.
We have

1. Machine 1:

16
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(1) 1% of GPUs are defective
(2) 25% of total GPUs produced

2. Machine 2:

(1) 2% of GPUs are defective
(2) 35% of total GPUs are produced

3. Machine 3:

(1) 3% of GPUs are defective
(2) 40% of total GPUs produced

Given a defective GPU, what are the probabilities that it was produced by
machine 1, 2, or 3. Let

A := {GPU is defective}
B := {GPU was produced by machine i,7 = {1,2,3}}

The question is asking P (B; | A),P (B2 | A),P (B3| A). We know P (B;) =
0.25, P (B2) = 0.35, P (B3) = 0.4. By Bayes’ Theorem,

P(A|B1)P(Bi)

We know P (A | By) = 0.01. However, we don’t know P (A). However, this is
derivable from Law of Total Probability because By, Bo and Bs are mutually
exclusive and exhaustive (since these GPUs can only be produced by one machine,
not two or more of them at the same time).

3
P(A)=) P(A|B;)=P(A|Bi)P(B1)+P(A|By) P (By)+P(A| Bs) P (Bs)
i=1
Note that P(A | B1) =0.01,P (A| B2) = 0.02 and P (A | Bs) = 0.03. So,
P(A)=0.01-0.25+0.02-0.35+0.03-0.4 = 0.0215

By Bayes’ Theorem,
P(A|By)P(B;) 0.01-0.25

P(B, | A) = — —0.11
(Bi]4) P (A) 00215 HO
_ P(A|By)P(By)  0.02-0.35
P(By | A) = P A = a5 = 03256
_ P(A|Bs)P(Bs) _0.03-0.40
P(B3|A)= P A) = ~ooa1s = 05981

Given a defective GPU, there’s a 11.62% chance it was produced by Machine 1,
32.56% chance it was produced by Machine 2 and 55.81% chance it was produced
by Machine 3.

Example 1.16. Suppose we have three bowls.

17



1 Introduction to Probability Theory 2

1. By = Bowl 1: 2 red chips, 4 white chips
2. Bs = Bowl 2: 1 red chip, 2 white chips
3. B3 = Bowl 3: 5 red chips, 4 white chips
One bowl is selected at random with the following probabilities:

P(BY=3  P(B)=:  P(B=,

One chip is drawn at random from the selected bowl. Define

P (R) = probability of drawing red
P (W) = probability of drawing white

Observing that a red chip was drawn, what are the probabilities that it was drawn

from By, By or Bs. Note that By, Ba, B3 are exhaustive (P (By) + P (B2) + P (Bs) = 1)
and are mutually exclusive, that is, only one bowl can be selected. We know

that

2
P(R|B1)=¢
1
P(R|B2) =5
5
P(R\B3):§
By Law of Total Probability,
3
21 11 51 5
P(R):ZP(R|Bi)P(Bi):6-§+§-§+§§=§
=1
By Bayes’ Theorem,
_P(R|B)P(B) 1/3-1/3 1
PBR) = P(R) T4 4
_P(R|B)P(By) 1/3-1/6 1
P(B: | R) = P (R) T 4/9 8
P(R|Bs)P(Bs) 5/9-1/2 5
P (B = - _2
(Bs | B) P (R) 4/9 8

18



2 Discrete Random Variables 2

2 Discrete Random Variables
2.1 Lecture 3: Probability Mass and Cumulative Distribu-
tion Function

Definition 2.1 (Random Variable). Given a random experiment with outcome
space S, a random wvariable is a function X : S — R that assigns one real
number X () to each s € S.

Example 2.1. The outcome space of a die roll is S := {1,2,3,4,5,6}. If we
consider a random variable X representing this experiment, then a possible
mapping for random variable X is

11— 1 3—3 5+——5
2+ 2 4+—4 5+——6

Let’s consider a less trivial example.

Example 2.2. Consider the outcome space of a coin flip:
S:={H,T}

Let X be a random variable representing this experiment. A possible mapping
for X is
H+—1 T—0

Another possible mapping for X is
H+—0.35 T +— 0.99

Definition 2.2 (Discrete Random Variable). A random variable X is discrete
if the number of outcomes of X is countable.

Example 2.3. Let X = random number picked from A := {1,2,3}. Y= random
real number picked from B := [0, 1]. Is X discrete? The answer is yes because
the set A has a countable number of elements. Is Y discrete? The answer is no
because the set B has an uncountable number of elements.

Let Z = random number picked from C := {1,2,3,...} The answer is in
fact yes. This is called a countable infinite set.

Definition 2.3 (Probability Mass Function). The probability mass function
(pmf) f of a discrete random variable X is given by

fx)=P(X=2) VreR

Remark. In probability theory notation, X is a random variable and z is the
outcome that the random variable takes.

Example 2.4. Let’s consider the experiment of measuring the volume of water
that accumulates in a bucket of 2 liters that we keep in the backyard. The
outcome space of this experiment is

S :=10,2]
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2 Discrete Random Variables 2

Let’s consider the random variable X that applies the following mapping:
[0,1] —1 (1,2] —> 2
X is discrete but S has an uncountable number of elements.

Example 2.5. The probability mass function of X representing the experiment
of rolling a fair die

f@)=P(X =2)=0vx ¢{1,2,3,4,5,6}

Definition 2.4 (Support of a Random Variable). The support of a random
variable X is the set of points for which f (z) >0

Remark. For most discrete random variables, the support coincides with the
outcome space.

Definition 2.5 (Cumulative Distribution Function). The cumulative distribution
function (cdf) F (z) of a discrete random variable X is the function

F(z)=P(X <ux), vz € R

Example 2.6. The cdf of X, F (z) of a random variable representing the
experiment of rolling a fair die:

0 for x <1
1/6 for z <2
2/6 for x <3
F(z)=13/6 forz<4
4/6 forx <5
5/6 for x <6
1 for x > 6

Let’s consider x = 1.5, then ... to complete this
FA5)=P(X<15)=P(X=1)==
If we consider x = 2.5, then

F(25)=P(X<25)=P(X=1)+P(X =2) =

20



2 Discrete Random Variables 2

2.2 Lecture 4: Expectation & Variance

We will introduce the concept of expectation of a random variable. We will see
that the expectation of a random variable a very specific case of a more general
concept of a random variable called the moment. Let’s do a quick review.

A random variable is a mapping X : S — R. If X is discrete, its proba-
bility mass function is given as f( - ) : R — [0,1].

Example 2.7. Given an outcome space of the experiment of flipping a coin:
S := {Heads, Tails}
Let X be a discrete random variable such that

¥ = 1 if S = Heads
)0 if S = Tails

Then, the outcome space of X is
Sx = {X(Heads)a Y(Tails)} = {O, 1}

Assuming the coin is fair,

Fy=P(xX=1)=1
FO)=P(X=0)=3
fle)=P(X=¢)=0 Ve¢gSx

Example 2.8. We own a casino and we offer a payoff of  anytime a player
rolls a number = on a fair, 6-sided die. How much should we charge each player
to roll the die once to break-even in the long run.

We can calculate a weighted average of the payoffs, where the weights are
the respective probabilities.

Let X be a random variable representing the single die roll,

P(X:I):% — =1

The weighted average is

1 1 1 1 1 1 7

1-2492.243.244.-245.-246-2=_.

6 + 6 + 6 + 6 + 6 + 6 2
The value 3.5 represents the expected earnings of a player playing the game.
We can also think of it as the average earnings of a player that plays the game
an infinite number of times. So, we must charge each player exactly 3.5 to

break-even in the long run.
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2 Discrete Random Variables 2

This weighted average is known as the expectation of a random variable.

Definition 2.6 (Expectation). Let u be any function. The ezpectation (or
expected value) of u for a random variable X of the discrete type is

Elu@)]= Y u(@)P (X =)
TESx
where Sx is the outcome space of X.

Remark. The sum )
well-defined.

zes, can be an infinite sum. It’s possible that it is not
pe

For a random variable X to have a well-defined expectation, we require the
sum ) o s, bo converge absolutely.

Example 2.9. Consider the previous example but now the payoff of each roll is
22, The expected earnings are

u(X)=X?
E[X?]= Y u@PX=x)=) 2°P(X=ux)
reSx TES,
1 1 1 1 91
—12.2492.2 2. 4. 2,222
GH2 oAt 6 o=

Example 2.10. Consider an experiment with only one outcome
S := {outcome}

Let X be a random variable such that

Sx = {X(outcome)} = {C}v ceR

Then,
fle)=P(X=¢)=1

by property of probability function.

Theorem 2.1 (Properties of Expectation). The expectation E satisfies the
following properties,

1. E[d=c VeeR

2. Elcu (X)) = cE[u(X)] VeeR,u a function.

3. Eluy (X) 4 uz (X)] = Efuy (X)] + E[ug (X)), u1, ug are functions.
4. BE[X1Xo) = E[X1]E [Xo) VX1, Xy independent.

Proof. (1) By definition of random variable, a constant is a random variable with
Sx :={c}. Then,

Elc] = Z zP(X=z)=c-1=¢

TESx
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(2) By definition of expectation,

Eleu(X)] =Y cu(X)P(X=2)=c Y u(X)P(X =z)=cE[u(X)

TES, rESx

(3) By definition of expectation,

Efuy (X) +u2 (X)] = 3 [ur (X) P (X = ) +us (X) P (X = 2)]

rE€Sx
=Y wX)P(X=2)+ > u(X)P(X =z)
reSx reSx

=E[uy (X)] + E [ug (z)]

(4) By definition of independent discrete random variables (we will introduce a
formal definition later in the course),

P(Xlz])l,XQZIQ):P(XlZl‘l)P(XQZJ?Q)

E[X1X2] Z Z (5(21 . .Z‘Q)P(Xl = 1‘1,X2 = 1‘2)

z1€S5x, T2€S5x,

Z Z I -SL'QP (Xl = ajl)P(Xg = .’L‘Q)

z1€Sx, T2€5x,

Z Z l’lp(Xl = $1){E2P (X2 = ZL'Q)

T1€5x; T2€S5x,

Z LCl_P (Xl = (El) Z (Elp(XQ = {EQ)

$1€SX1 xQESx2

= E[X1]E [X;]

Example 2.11. Consider an experiment with two outcomes,
S := {Failure (F), Success (S)}

Let
p = Probability of obtaining a success

It follows that,
1 — p = Probability of obtaining a failure

The experiment is repeated until we obtain the first success and then we stop.

Let X = number of iterations needed to obtain the first success. .
Sx :={1,2,3,4,5,...}

1 suggests that we need only 1 iteration to obtain a success; 5 suggests we need
5 iterations to obtain a success. X is discrete. Note that

J)=P(X=1)=p
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Assuming that all iterations of the experiment are independent from each other

)=1-p)p
fB)=P(X=3)=1-p)(L-pp=1-p)°p

fn)=P(X=n)=(1-p)" p

Definition 2.7 (Geometric Random Variable). The geometric random variable
X has

1. Support = Nyg ={1,2,3,...}
2. Parameter = p = (probability of obtaining a success in one attempt)
3. P(X=n)=f(n)=0-p)" 'p, ne{l,2,3,...}

Theorem 2.2. The cdf and expectation of a geometric random variable X with
parameter p are

lLdf=P(X<n)=Fn)=1-(1-p", ne{1,2,3,...}
2 E[X] = S5 nf (n) = 1

Proof. Let’s begin with proving (2). Let ¢ = 1 — p. Then,

Y onfn)=3 ng"'p
n=1 n—1

By convergence of a geometric series
l+q+ @+ + = —

d
d—q(1+q+q2—|—q3+~--)

I
SE
=N
=
|-
S
S~

(04+1+2¢+3¢°+4¢°+--+) =

Then,

Proof of (1) as exercise.

Definition 2.8 (Mean, Variance, Standard Deviation). Let X be a random
variable. Then

1. Mean of X: p:=E[X]
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2. Variance of X: 0% := Var (X) =E [(X - ,u)ﬂ

3. Standard Deviation of X: o := /Var (X)
Remark. Variance and standard deviation are always non-negative.
Remark. Note that
E[(X -] =E[X* - 2Xp+ %] = E [X?] — E[24X] + E [1]
by properties of expectation. Also, note that u is a constant (u = E [X]). Then,
we can write the above as
E [X?] — 2uE[X] +42
~——
=p

Thus,

E I:XQ:I —2M2+M2 —F I:XQ} _,U/Q
Which brings us to a second way of calculating variance,

Var (X) = E [X?] — (E[X])?

This is often easier to use than the standard definition.

We have defined the above terms mathematically but what do they imply?
Consider the following example.

Example 2.12. We're exploring investments. Let
1. X = we always get $1
2. Y = we get $2 with probability 0.5 and $0 with probability 0.5
3. Z = we get $10 with probability 0.9 and we lose $80 with probability 0.1

We want to know what gives the highest return on average and which one is the
riskiest to invest in.

EX]= Y z f(x)=1-1=1

TESx

E]= Yy fl) =0 5+2
yESy

E[Z] = Zz-f(z):10~%+(—80)-%:1
z2ESy

To answer our question on riskiest investment, we will use the variance. The
variance tells us about the general distribution of the random variable. This will
explored further soon.

Var(X) =E [X?] - (E[X])* = (12-1) =12 =0

Var (V) =E[Y?] - (E[Y]))* = (4-;+02.;) ~12=1

Var (2) =B (2] - (812" = (10°- {5 + (807 1) ~ 12 =720

We conclude that investment Z is the most volatile.
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2.3 Lecture 5: Moment Generating Function and The
Bernoulli RV

Let’s do a quick review from Lecture 4.

E[X] = Z xf (x) = expected value of X, mean of X
zE€Sx

E[XQ} = Z 2 f (2)
reSx

It turns out that expected values of different powers of random variables are
called moments of a random variable or a distribution.

Definition 2.9 (Moment). For any positive integer r, the rth moment of the

random variable X 1is
E[X"]

Remark. The expected value of X, E[X], in addition being to the mean is also
the 1st moment of X. Similarly, E [X?] is the 2nd moment of X. Finally, E [X"]
is the rth moment of X.

Why are moments of a distribution important? They’re important because
they can be used to fully characterize a distribution. In other words, if two
random distributions have exactly the same moments, that means that the two
distributions are identical.

Before we define the significance of moments, let’s consider an example of
calculating moments.

Example 2.13. Let X be a random variable with outcome space defined by
Sx :={-1,0,1}

The probability mass function is given by

f(x):%VxESX

The 1st, 2nd, 3rd and 4th moments are

]E[X]—wezszxxf(x)——1~§+o~:1))+1-;_o
B[ = 3 @) = 1) SHOT S =2
B = 3 o1 0= (1) RN URRE UG Y
E[X)= 3 af @)= (1" s+ 0 5+ 1) 5 =2

TESx

Moments can be used to verify whether two random variables have the same
distributions (and if they do, they’re identical distributions). In order to verify,
we must check whether each distribution has well-defined moments (or the same
number of well-defined moments).
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Remark. It’s possible that a random variable has no well-defined moments.

Example 2.14. If a discrete random variable X has outcome space
Sx :=7Z%

Then, the 1st moment involves taking the sum

E[X]=) af (x)

If E [X] diverges, then X does not have a well-defined 1st moment. It’s likely
that if the 1st moment is not well-defined, then the rth moment is also not
well-defined.

Remark. Moments are important because they they fully characterize a dis-
tribution of a random variable, and thus can be used to check if two random
variables have the same distribution.

Example 2.15. Let X and Y be 2 discrete random variables. Suppose that
both X and Y have well-defined moments upto the 3rd moment; these moments
are identical. Moments of order higher than 3 are not well-defined.

E[X]=E[Y] E[X?] =E[Y?] E[X°] =E[Y?]
Then, X and Y have the same distribution.

Calculating the above is quite tedious. It’s a routine computation and can get
extremely long and complex if we are dealing with larger and more complicated
probability mass functions. Does there exist a function that encodes all the
moments of any distribution?

Definition 2.10 (Moment Generating Function). The moment generating
function of the discrete random variable X is

M(t):=E[eX] = Z e f (z)

zE€Sx

Remark. t does not have any “meaning” or “interpretation” with respect to
the distribution of X. It’s only a parameter that’s used to encode the moments
of X into the moment generating function.

Remark. Note that by Taylor expansion of ¢/ about 0, let tx = y, then

Y — 0 e’ 0 e’ 0)2 e’ 0)3
e =e +i(y— )+§(y7 ) +§(y— )+

T
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Then, by definition of moment generating function,

> =Y (Z t:f) e

T€eSx zeSx \r=0
X r
_ v r
3OS e
r=0 TESx

rth moment

2 3
:1+t]E[X}+%E[X2]+%E[X3}+---

It’s evident that this function explicitly encodes all moments of a random variable
X. Tt follows that if two distributions have the same moment generating function,
they’re identical.

Theorem 2.3. If two random wvariables have the same moment generating
function, then they have the same support and probability mass function.

Remark. By distribution of a discrete random variable, we mean the “shape”
or functional form of the probability mass function of X, f (z).

Example 2.16. Let X be a discrete random variable with

Sx = {-1,0,1}
12 z=-1
f@)=<1/6 =0
1/3 z=1

When a random variable has a continuous probability function, it will not be
called a probability mass function, it will be called a probability density function.
In this case, the random variable is called a continuous random variable. This is
a quick preview of what’s to come later in the course.

Theorem 2.4. Let r € NT. The rth moment of X is equal to the rth derivative
of M (t) witht = 0.
dT‘
E[X"] = M (t
[X7] = S M (1)

t=0

Remark. This method calculate the rth moment of X works if and only if the
rth derivative of M (t) is well-defined around ¢ = 0. If this method does not
work (i.e., leads you to conclude that the rth moment of X is not well defined),
it does not necessarily mean that X does not have a well defined rth moment.
This conclusion (i.e., that X does not have a well-defined rth moment) can be
reached only by calculating

E[X= Y a7/ (@)

x€Sx

If this sum is also not well-defined, then we can conclude that X does not have
a well defined rth moment.
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Example 2.17. Let X be a random variable with moment generating function

M= P

:17(]675 ¢=1-»

We want to calculate the values of E [X] and E [X?]. We know that

d
Elx]= L
d pet) (1 — get) — (pet) (—qet pet
Ly - 0 0= 0e) = () (') _ 2
dt (1—get) (1-get)
t 0
pe pe p P 1
E[X] = — = =T A= s ==
(1—qe) o (1—qe?) @ (1+p-1)7~ P
2
E[X?] = d—QM (t) = as exercise
dt t=0

Example 2.18. A basketball player shoots free-throws with probability of
success p.

1. 1 — p = probability of missing the free-throw.
2. X is a random variable for the experiment of shooting 1 free-throw.

3. X =0, the free-throw is missed. X = 1, the free-throw is made.
4

.;SX = {0,1}
5. pmf P(X =0)=(1—p)and P(X =1)=p.
_Jp r=1
f(x)—{lp =0

Definition 2.11 (Bernoulli Random Variable). A random variable X is a
Bernoulli if it has

1. Support := {0,1}

2. Parameter p = probability of success

D =1

3. pmfP(X=$):f(x):{1_p =0

Example 2.19. We want to understand the mean and variance of a Bernoulli.

EX]= Y af(x)=0-f(0)+1-f(1)=0-(1—-p)+1-p=p

TESx

E[X?]= ) 2°f(a)=0*(1—p)+ 1> p=p
TESx

0% =Var(X)=E[X?] - (E[X])’=p-p*=(1-p)p

Example 2.20. Suppose the same basketball player shoots 100 freethrows. Let
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1. Y = # of successes out of 100 freethrows.
2. p = probability of making 1 freethrow.

Assuming all freethrow attempts are independent.

100
PY=0=(0-p(1-p1-p)--1-p=][0-p
i=1
— (1= p)'™
100
PY=1)= Z P (only ith shot is made)
i=1
=p(L-p) " +(1-pp(L-p) " +---+(1-p)"p
=100p (1 - p)*
P(Y=2)= Z P (only ith and jth shots are made)
1<i<j<100

=pp(L-p)*+pL—p)p(L—p)" "+ +(1—p)pp

How many arrangements of 2 objects out of 100 exist? It’s '°°P,. Therefore,

PY =2)= (120) 21— p)*®

It follows that
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2.4 Lecture 6: The Negative Binomial and Poisson Ran-
dom Variable

Example 2.21. Let p = probability of obtaining tails when flipping a coin. We
keep flipping the coin until we get 3 tails, and then we stop. We further assume
that each coin flip is independent from each other. Let

X = # of flips to obtain exactly 3 tails
Then,

P(X=3)=p-pp=p°
PX=4)=Q0-p)p*+pA-p)p*+p*A—-p)p=3p>(1-p)

= (2) P’ (1-p)

The last flip has to be tails. The first 3 flips have exactly 2 tails.

P(X=5=0-p)p"+p(l—p)°p*+p*(1—p)°p+-+p1—p)p(1—p)p

= (;) p’(1-p)”

Once again, the last flip has to be tails. The first 4 flips have exactly 2 tails. If
we were to generalize this, then

rz—1 o—
P(X=$)=< 5 )p3(1—p) ’
This happens to be a very nice random variable called the Negative Binomial

Random Variable

Definition 2.12 (Negative Binomial Random Variable). A random variable X
is a negative binomial if

1. Support :={r,r+1,r+2,...}
2. Parameters r = number of successes, p = probability of success on 1 trial

3. pmf f () = (f - i) (1 )

Remark. Why is it called a negative binomial? Let h(w) = (1 —w)™". It’s
possible to prove that

o -r > T+ k—1 k
h(w) = (1—w) _Z< i >w
k=0
which is called the Negative Binomial Theorem.

Theorem 2.5. Let X be a negative binomial random variable with parameters
r and p, (X ~ nbin(r,p)):

r
1. ux = —
p
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2 0.2 — 7"(1 ;p)
p
B (pe')”
MO =m0 T

Proof. By definition of the moment generating function,
= z—1
_ tx - T _ T—r
M(t)—ze (T_1>p(1 p)

tr
_ 67 te [T — 1 T _ r—r
- — € (T'— 1>p (1 p)

= ey e (7)o
~ )Y (701 [-mer

Remember that by the Negative Binomial Theorem

S S (M I

k=0

Letz=r+k < k=xz—r. Let w=(1—p)e’. It follows,

M (t) = (pet)r (1-(1-p) et)fr

We can use the proof of (3) to prove (1) and (2).

Remark. If X ~ nbin (r,p), if we let » = 1, then X ~ geom (p).

We can verify this.

o= (02 -

r—1

_(xz—1\ 4 z—1
T:l_ <1_1)p (1_p) B

Example 2.22. A 911 office receives an average of 7 calls per

p(l—p)**

hour. What is

the probability that the office receives exactly one call in the next hour? This
has a non-trivial answer and we will need additional assumptions to answer this.

1. Split the next hour in 12 equal intervals of 5 minutes.

2. The expected number of calls in 1 hour = 7.

3. The expected number of calls in each 5-minute interval = 7/12. This is
equivalent to assuming that the average 7 calls are randomly received

throughout the hour.

4. p =probability of receiving a call in a 5-minute interval = 7/12.
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2 Discrete Random Variables 2

5. Let X = # of phone calls received in 1 hour. Then

7
X~b1n<n:12,p:12)

Note that E[X]=np=T.

P(X=1)=f(1)= 1'(1122'_1)' (;)1 (152>11 ~ 0.00046

Time is a continuous unit of measure, so it makes more sense to consider the
case where we have an infinite number of time intervals within one hour, which
corresponds to

lim X ~ bin (n, 7) <= lim f(z)= pmfof X
n

n—0o0 n—oo

Then,
' x n—x
lim P(X=2)= lm — (1) (1-7
n—0c0 n—oo zl (n —z)! \ n n
~ lm n(nfl)(nfz)...(n—erl)ﬁ <17>n <17>—z
~ fim nmn-1)(n—-2) (n—z+]1) (17> (17>
nooo zln n n n n n
Note that
—1 -2 — 1
lim 2 = lim 2 — lim 2 — .= lim 2°ET - T =1
n—oo N n—oo 1N n—oo N n—o00 n
This is a trivial result since we can divide the number by n.
n —x
lim (1 - 7) =e 7, lim (1 — 7) =1
n—oo n n—o0 n
Definition 2.13 (Poisson Random Variable). A random variable X is a Poisson

if
1. Supportx :={0,1,2,...}

2. Parameters: A = average occurrence of an event per unit of measurement
(rate)

A=A

3. pmf = f () o

Remark. The Poisson is the limit case of a random variable X ~ bin (n, 2)
when n — 0o

Example 2.23. Flaws on a brand of magic tape occur once per 1200 feet on
average. Let

Y = # of flaws in a 1200-foot roll = Y ~ Poisson (A = 1)
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2 Discrete Random Variables 2

X = # of flaws in a 4800-foot roll of magic tape.

We can expect that there will be, on average, 4 flaws per 4800-feet of magic tape.
Then,
X ~Poisson(4-A=4-1=1)

What’s the probability that there are no flaws in a 4800-foot roll?

40674
P(X=0)=—

Theorem 2.6. A Poisson randm variable X with rate \ has

=0.018

1. pux = A
2. 0% =\
3. M(t) = M=)
Proof. We prove (3). By the infinite order Taylor expansion of e* about 0,

N1 0+ e A= 02+ S (A=)
e—‘*‘ﬂ(—)‘Fg(—)‘f‘g(—)‘*‘"'

OO)\:E

By definition of the moment generating function,

oo oo

)\me—/\ eta;)\ac
_ tx _ =
M(f)=) "= =c ;0 p

r=

0
[e’e] )\ £\ T . .
— e Y ( ;!) _ o Ag(eA) _ A(ef-1)
=0

We can use the proof of (3) to prove (1) and (2).

Theorem 2.7. Let X be the number of points from a random process, chosen
from an interval of length 1. Assume that X is a Poisson random variable with
parameter A. Let Y be the number of points from the same random process, but
chosen from an interval of length t. Then, Y is a Poisson random variable with
parameter At.

Example 2.24. Let X = # of falling stars in the sky above Los Angeles in 1
second. We know that the average number of falling stars in the sky above LA
is 60 per second. Then

X ~ Poisson (A = 60)
Y = # of falling stars in the sky above LA in 5 seconds

We want to calculate P (Y < 2). First, we want to answer, every 5 seconds, how
many falling stars are in the sky above LA on average? If the average is 60 per
second, every 5 seconds, it’s 300.

Y ~ Poisson (A -5 =60-5 = 300)
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2 Discrete Random Variables 2

Then,

PY<2)=P(Y =0)+P(Y =1)+P(Y =2)
30006_300 30016_300 30026_300
ST o T o T

Example 2.25. A lightbulb company knows that 0.01% of its lightbulbs are
defective. Let

X = # of defective bulbs in a box of 10000
What is the P (X = 3)? We know that X ~ bin (n = 10000, p = 0.0001)

P(X=3)= (mgoo) (0.0001)* (0.9999)**°7 ~ 0.061310

Let A\=n-p=1. Then, Y ~ Poisson (A = 1) and

1
P(Y=3)= 13% ~ 0.061313

For n large and p small such that n >> p, the better the approximation of a
binomial with a Poisson is.

Theorem 2.8. Let X be a binomial random variable with parameters n and
p, X ~ bin(n,p). Let np = X and let Y be a Poisson random variable with
parameter (mean rate) A\, Y ~ Poisson(\). For very large n and very small p,
the probability

P =)= (1) -
can be approrimated by
Py — _ )\mef)\
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3 Continuous Random Variables 2

3 Continuous Random Variables

3.1 Lecture 7: Probability Density Function, Uniform and
Exponential Random Variable

In this lecture, we will begin our discussion with continuous random wvariables.
We won’t stop using discrete random variables but our focus will be on continuous
random variables.

We begin our discussion with a brief example. Remember that the cdf
for a discrete Random Variable is a step function. Consider a Bernoulli random
variable.

Example 3.1.

_Jp (z=0)
f<1>—{1p -

This implies that the cdf is a step function. Let X = real number selected at
random (each number has an identical probability of being selected) from [0, 1].
Then,

p(o
1

< 1)
-2
0 =<0

Fz)=P(X<z)=<z 0<z<1
1 x>1

S~—
I

I/\/\

0
1
1
2

and

Definition 3.1 (Continuous Random Variable). A random variable X is contin-
uous if its cumulative distribution function (cdf), F : R — [0, 1], is continuous.

Remark. Remember that for discrete random variables, we have:
F(z)=P(X <) ZP =2) = fome(2)
x

This is the relationship we have for cumulative distributive function and discrete
random variables.

Definition 3.2 (Probability Density Function (pdf)). The probability density
function of a continuous random variable X is the function f: R — R given by

f@) = S

where F'(x) is the cumulative distribution function of X.

Example 3.2. Consider the random variable X from the previous example.

1 O<z<l1

0 =<0 d
F@)={z 0<e<l = [(2)= —F(r)= .
0 otherwise

1 x>1
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3 Continuous Random Variables 2

Note that the derivative is not defined in x = 0,1. We can assume without loss
of generality that f(0) =0 and f (1) = 0. We can do so by thinking about the
support of the random variable.

Theorem 3.1. Let f (x) be a probability density function. Then:
1. f(z)>0 Vz eR
2. [Z flz)de=1
3. P(a<X<b):f:f(x) dr Va,beR
4o F@)=P(X <a)=["_f(y)dy Ve eR
Remark.

1. A pdf is defined for continuous random variables, and is equal to

F@) = L F )

2. A pmf is defined for discrete random variables, and is equal to

f(@)=P(X =)

3. For continuous random variables, P (X = z) is always equal to 0.

4. For continuous random variables, in some instances, the pdf can be greater
than 1.

Example 3.3. Let a,b € R,a < b. Let X = random real number chosen
uniformly (each number has the same probability of being selected) from the
interval [a, b]. Then,

0 r<a
F(r)=q%F2 a<z<b
1 r>b
1
_ b—a a<x<b
) =
1) {O otherwise

Note that the support of X is the interval (a,b), because f (z) > 0Va < < b.

We note that the above example is indeed a very famous random variable
called the uniform random variable.

Definition 3.3 (Uniform Random Variable). A continuous random variable X
is a uniform if

1. Supportx := (a,b) Va,beR,a <b
L g<r<b
2. pdf: f(z)={ b-a
pdf: f(x) {0 otherwise
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3 Continuous Random Variables 2

Remark. Note that

F($)=/f fy) dy

ST f ) dy=["_0dy z<a
= Lo fy)dy= [ 0dy+ [ i dy = §=2 a<x<b
4 0 b
P f@ydy=[° _0dy+ [l ;dy+ [Fdy=1 z>b

Example 3.4. Let X be a continuous random variable with pdf f (z) = 42 and
Support x := [0, \/1/2}. The cdf is

[fofw)dy=[" _0dy=0 z <0
Fla)=d [T f@) dy=[° dy+ [; aydy =22 0<a< 12
fjoof(y) dy:f,ooo()dy+f0\/1/724ydy+ff/1720dy:1 x>\/m

Theorem 3.2. Let X be a continuous random variable with pdf f (x). Then
1. p=E[X]=[%_af(z) dx
2. E[X") = [T a"f(2) dx

3. 02 =E[X?] —p? = [ _a®f (z) do — p?

oo

4 M (1) = [, € (2) da

Remark. If M (t) is well-defined around ¢ = 0, it still holds for continuous

random variables that e
E[X"] = M (t
X7 = oM ()

t=0

Theorem 3.3. Let X be a uniform random variable on the interval [a,b] such
that X ~ U (a,b). Then,

a+b
1 py = 2
2
2_(b—a)
2. 0% = 12
tb _ _ta
oty
3. M(@#t)={ t(b—a)
1 t=20

Proof. We begin with a proof of (3). For ¢t =0,

M(O):/O:oeowf(x)dx:/_o:of(x)dle
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3 Continuous Random Variables 2

For t # 0,

M (t) = tx d tx d
(t) [we f(z) dx /ae o
1 e} tx b
N
b—a J_o —al|lt],

6tb_eta

T tb-a)

We can prove (1) and (2) from (3).

Example 3.5. Ler X be a random variable with pdf f () = |z| and Supportx :=
(—1,1). We compute the cdf of X as,

For —1 <z <0,

T

—ydy
1

F) =P <a)= [ Wlay= [

277 x? 1

2] 2 2
_17x2

2

For 0 <z <1,

xT 0 xT
F<x>=P<X3x>=/ |y|dy=/ |y\dy+/\y|dy

—1 —1 0

0 xT

=/ —ydy+/ ydy
—1 0
270 29T
4] [
2], 2 |,

Then,

O<z<l1
1 rz>1

Suppose we want to find a real number from (—1, 1), 7o 5, such that P (X < mg5) =
0.5.

o

F(my5) =P (X <mps5) = / . |z| dx = 0.5

-1
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Let’s consider the case where mg 5 € (—1,0], then

1—x2_1ﬁ —0=
2 2 T=UE s

This allows us to understand the percentile.

Definition 3.4 (Percentile). The (100}9)”1 percentile is a number 7, such that

p= [ r) o= F ) 0<p<t

Some important percentiles are

1. 50t percentile = Median (or second quartile)
2. 25" percentile = First Quartile

3. 75" percentile = Third Quartile

Example 3.6. Let X represent the number of occurrences of a random event
in an interval of time of length ¢. Let the random event have a mean rate of At.

Then,
(A" e

e
x!
Let Y = time we wait before the first occurrence of the same random event.
Then, probability of waiting more than ¢ to observe the first occurrence is given
by

X ~ Poisson (\t) and f (@)=

PY>t)=P(X=0)
that is the probability of observing 0 occurrences in interval of length ¢.
DY

€
0!
PY<t)=1-P{Y >t)=1—eM=Fy(t)=cdfof Y

P(X=0)=P(Y >t) =

Y is a continuous random variable (time is a continuous measure, and its cdf is
a continuous function) with

fy (t) = %Fy (t) = )\6_/\t

Support y := [0, 00)

Definition 3.5 (Exponential Random Variable). A continuous random variable
X is an exponential if

1. Support, := [0, c0)
2. Parameter: A = mean rate of underlying Poisson random variable
3. pdf: f(z) =X, 0<2< o0
Remark. Another common reparametrization for exponential random variables

is
Gzi = AZ% = f(x)z%eiéx
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3.2 Lecture 8: The Gamma & Chi-Square Random Vari-
able

Let’s consider an example where we can use the exponential random variable to
model some random experiment.

Example 3.7. An iPad has a mean life span of 3 years. Let
X = life span of Giulio’s iPad
Then, since 0 represents the mean of an exponential random variable, we have
#=3 and X ~exp(h)

What is the probability that Giulio’s iPad breaks within a year after it is
purchased?

Px<1)= /01 éexp (—%) dx = é [—3exp (—g)]; — 11— /3

What is the probability that it will last for at least 3 years?

P(x>3)= /300 éexp (fg) dzx = é [73exp (fgﬂzo =e!

Theorem 3.4. Let X be an exponential random wvariable with parameter .
Then,

1 1
1. szxoruwzﬁwhereezx
2. J%zF or 02 = 6% where = —
1 1 1
S M@Ht)=——t<AorM({t)= ——, t< >
=17 or M) =g <

Proof. We’ll start with proving 3.

M(t):/ e f () dx:/ emée—% da::/ etrée_% e
0

L0 (e
0 [t0—1 0

Note that for ¢t < é, we have WT_l < 0. Then, for t < %, we have

1 1

MO =7 0-U=1%
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Suppose we let X =number of occurrences of some random event in a time
interval of length ¢. Then, At is the average number of random events per time
period of length t. Let

Y1 = time before 1st occurrence happens
Y5 = time between 1st and 2nd occurrences

Y3 = time between 2nd and 3rd occurrences
We have
P (X > 3) = prob. that at least 3 occurrences happen in interval of length ¢

Then,

P (Y1 +Y;+Y; <t)=prob. that we wait less than ¢

to observe the 3rd occurrence.

We can model Y7, Y5, Y3 as 3 independent exponential random variables with
parameter \:

Yi~vexp(A) = fy, (t) = re™N
Yo~exp(A) = fy, (t) = e M
Ys~exp(\) = fy, (t) = Ae M

Now, let Z = Y7 + Y5 + Y3 = time until the 3rd occurrence. So,

P(Z<t)=P(X>3)=1-P(X <3)
=1-P(X=0-P(X=1)-P(X=2)

2
—1— e—/\t _ )\te—)\t . Me—/\t

2!

2 k2t

B (At) e

=1-2, R
k=0

Let’s generalize this to the case where Z =time until the wth occurrence. It
follows that

() e
PX>w)=1-) g = cdfof Z, (Fz(w))
k=1

Then .
d ot A () Y

f2 0 = 372 0 =1, )

Definition 3.6 (Gamma Function). The function I' («) is a gamma function if

ForaeR: T(a):= / Yy le Y dy
0

For a € Nsg: T'(a):=(a—1)!
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Definition 3.7 (Gamma Random Variable). The continuous random variable
X is gamma if

1. Supportx := [0, 00)
2. Parameters:

«a = number of outcomes to be observed in a unit interval

6 = mean of underlying exponential

1 Ia_l
3. pdf: =— —=/8
pdf: f () Tla) @ °
Remark. f(z) in this definition can be derived from the pdf we derived in the
previous example by setting t =1, w = a, A\ = %

Example 3.8. Let the average lightsaber’s life span be 3 years. Obi Wan
replaces his light saver as soon as it breaks. Find the probability that Obi Wan
will replace his light saver at least twice within six years.

X = time until 2nd lightsaber breaks

X ~ Gamma (a = 2,0 = 3)
Then

6 1 221 x 1 /¢ T
PX=<6) :/O -1 32 P (_5) - 5/0 vexp (‘5) du

By integration by parts, we yield

P(X <6)= % [—?mexp (—g) —9exp <_§)}§ =1-3¢?

Remark. If « is an integer, we can solve these type of problems (problems
which can be solved using a Gamma random variable) using a Poisson.

Theorem 3.5. Let X be a gamma random variable, then
1. py=ab
2. 02 = abh?

9. M(t) = — !

—_—, t < —
(1—0t)? 0

Proof. Once again, we only prove 3.

> tx > tx 1ozt —x/0
M(t) = e f(fL') dr = o (& m@iﬂe dzr
—o0
1

* 4 1 —a2/8 1 a1 1
- xr, o— —X d - o — _ 7_t d
r(awa/o croe r(a)@fl/o ! e"p( (9 )) !
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Via an appropriate integration method, we yield

1 o
— [0 ud
T (a)0° 1/9—t)“/0 wee au

_

= T am—o. @

(/0"  [1/6—t\"“
:<1/0—t>“‘< 1/6 )
=(1—tg) "

Let X ~ Gamma (a =3,0= 2). Then,

1 mr/Q—l

f (1') = WWe_x/z
2

This special case of a Gamma random variable is called a Chi-Square random
variable.

Definition 3.8 (Chi-Square Random Variable). A continuous random variable
X is Chi-Square if

1. Supportx := [0, 00)
2. Parameters: r = degrees of freedom

1 xr/Z—l

- —x/2
T(r/2) 272 ©

3. pdf: f(x)=

A Chi-Square random variable with r degrees of freedom is typically denoted by
2
X (r)
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3.3 Lecture 9: The Normal Random Variable

The normal random variable is a continuous random variable to which the bino-
mial random variable with parameters n and p = 1/2 converges ”in distribution”

as n — oo.
1
X ~ bi =
in (n,p 2)

Let N (,u, 02) = normal random variable with parameters y, o2. Then,
X 45 N (p,0?)

d e
where “——” means “converges in distribution”.

Definition 3.9 (Normal Random Variable). A continuous random variable X
is normal if

1. Supportx := (—00, 00)
2. Parameters:

(4 = mean

o = standard deviation

wprxx—mj

202

3. pdf: f(z)=

oV 2w
Theorem 3.6. Let X be a normal random variable. Then,

L po=p

2. 02 =02

242
o“t
3. M (t) =exp (ut + 2)
Let X be a normal random variable with parameters p,o, X ~ N (p,0?).
Suppose we want to transform this random variable into a normal with parameters
i =0,02 =1. We can do this by defining a new random variable:

X_
7 = K
g
Note that x X
HZ:E[ u]: H_E:o
g g g
X —u\? X2 _2X 2
B[] =B ( u)}ZE[ 2u+u}
g g

= % [E[X?] - 2uE[X] + 7] = % [E[X?] — 22 + 2]
= 5 B -] = 507 =1

This process is known as standardization and Z is called a standard normal
random variable:
Z ~ N (0,1)
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Definition 3.10 (Standard Normal Random Variable). A continuous random
variable Z is a standard normal if

1. Supporty := (—o0,00)

1 22
2. pdf: f(2) = Nors exp (—2)

such that Z ~ N (0,1).
Let’s make a few remarks.

Remark. Computing

vl (y—m’

is not possible using antiderivatives. Furthermore, standardization implies

P(ng)—P<z§x;“>

g

P(sz)_1—P(zg x“)
where X ~ N (,u, 02) ,Z ~ N (0,1). Lastly, defining the cdf of a standard normal
allows us to compute probabilities for any X ~ N (u, 02).

Theorem 3.7. Let Z be a standard normal random variable. Then,

3. M (t) = exp (%)

Example 3.9. Let Z ~ N (0,1). We want to compute P (Z <1),P (-1 < Z < 1).
Note that,
P(Z<1)=6(1) = Fz (1) = 0.8413

Now,
P(-1<Z<1)=P(Z<1)-P(Z<-1)=¢(1) - $(-1)
By symmetry of f (z), it must hold that
P(Z<-1)=P(Z>1)=1-P(Z<1)=1-¢(1)

So,
(-1)=1-09¢(1)
Then,

P(-1<Z<1)=¢(1)-¢(-1)=9¢(1)—(1-9¢(1))
=2¢ (1) —1=2(0.8413) — 1 = 0.6826

46



3 Continuous Random Variables

Theorem 3.8. Let X ~ N (u,oz). Then, the random variable

V:(X_’“‘>2:22~X2(1)

g

follows a Chi-Square distribution with 1 degree of freedom.
Example 3.10. Let X ~ N (,u =1,0%= 4). Then,

P(XgQ)P(x_“§2_“>P<zg2_1)
o o 2

¢(;>:O.6915
P(I1<X<3)=P(X<3)-P(X<1)
(i) et e )
2 2 2 2

—P(Z<1)-P(Z<0)=¢(1)-6(0)
=0.8413 — 0.5 = 0.3413

|
Y
N\
N
INA
N | =
N————
Il

Example 3.11. Let Z ~ N (0,1). We want to find @ and b such that

P(Z <a)=0.9808 = a=~2.07
P(Z>b)=1-P(Z<b)=0.0024
< P(Z<b)=09976 = b=2.82
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4 Bivariate Random Variables

4.1 Lecture 10: Joint Mass Function, Marginal Expecta-
tion & Variance

Suppose we want to first toss a fair coin, then we roll a fair die. Let X = outcome
of coin toss and Y = outcome of die roll. We have

Sx = {07 1} Sy = {1727374a556}

The joint outcome space of the two experiments represented by X and Y is the
cartesian product of the two individual outcome spaces given by

S=5Sxx8y=40,1} x{1,2,3,4,5,6}
={(1,7): 0<i<1,1<j<6,i,j € N}
We can also define the joint probability mass function
fz,y)=P(X=2Y=y) V(zr,y) € Sx xSy,
Since both the coin and the die are fair by multiplication rile, we have that

1 1 1
=—-xX-=—=V S S
f(m7y) ) X 6 12 (xvy) € ox X Oy
Definition 4.1 (Joint Probability Mass Function, Joint Outcome Space). Let
X,Y be two discrete random variables. The joint probability mass function of

X and Y is the function
f:Sx xS, —[0,1, f(r,y)=P(X=2,Y=y) VreSx,ycSy
The joint outcome space is the cartesian product S = Sx x Sy.

Theorem 4.1. Let X,Y be discrete random wvariables. The joint probability
mass function [ satisfies

1. 0< f(x,y) <1
2' Z(x,y)es f (xﬂy) = ]'
8. For every AC S, P[(X,Y) € Al =3, yea [ (z,9)

Example 4.1. Let (X,Y") be the same bivariate discrete random variable defined
in the previous example. We know that

fxO)=P(X=0)=fx()=P(X=1)=

Fr) =P =1)= = fy (6) = P(Y=6)= ¢

Note that Sx C 5,8y C S. We can derive fx (z), fy (y) only knowing
f(xay)aSX7SY-

Fx(0)= " f(0,5)=f(0,1)+ f(0,2)+ f(0,3) +---+ [ (0,6)

yESy
11
=035 73
1 1 1
FO=fa)=rO0N+fAL)=5+5=¢

fx (@), fy (y) are called marginal pmfs of X and Y, respectively.
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Definition 4.2 (Marginal Probability Mass Function). Let X,Y be discrete
random variables with a joint probability mass function f (z,y). The probability
mass function of X is called the marginal pmf of X and is equal to

Ix@=P(X=2)=Y f(xy)

YyESy

The probability mass function of Y is called the marginal pmf of Y and is equal
to

F)=PY =y = flzy)

TESx

Remark. The marginal pmfs of X and Y are the pmfs of the random variables
X and Y when considered independently.

Example 4.2. Let X,Y be two discrete random variables such that X =
drawing spades from a deck, Y = drawing a king from a deck. It follows that,

Sx = {0 = not drawing spades, 1 = drawing spades}
Sy = {0 = not drawing king, 1 = drawing king}

Furthermore, we can model

X ~ Bernoulli (p 13)
52

Y ~ Bernoulli <p

I
s
~——

We have
13 1
( )=r=5=7
4 1
PY=1)=—=—
52 13
Thus,
1 14
P(X=1,Y=1)=—=-—=P(X=1)P(Y=1)
52 452

X,Y are independent.

Definition 4.3 (Independent Random Variables). Two discrete random variables
X,Y are independent if, Vx € Sx,y € Sy, it holds that

PX=z2,Y=y)=PX=2x)P(Y =y)
Remark. Note that
P(X=zY=y)=f(zy)=[fx@)fry) =P (X =z)P =y)
Example 4.3. Consider the following joint probability mass function

.CL'yZ

f(z,y) = 13
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where Sx = {1,2},Sy = {1,2} and S = Sx x Sy. Note that
Z f(z,y) > 1 = violates the property of joint pmf.
(z,y)€eS

Is this enough to conclude that f (z,y) is not a valid pmf? No! It depends on
the joint support of the bivariate random variable! Let us consider

Support = {(z,y) : x < y} = {(17 1),(1,2),(2,2)}

S # Support. In particular, Support C S. This means that f(2,1) =
P(X =2,Y =1) =0. In this case, f (z,y) is a valid joint pmf because

112 1
1.22 4
2.22 8
f22)="F =5
Which suggests that f (1’ 1> +f (1, 2) +f (27 2) = 1. Further note that
1 4 5
xM=fAD+f12)=Ftm=13
4 8 12
r@=fL)+f2)=5+3=13
Then, \ .

Thus, X and Y are not independent.

Example 4.4. Let X = outcome of a fair coin toss (coin 1). Y = outcome of a
coin toss (coin 2) that is rigged such that always lands on the opposite outcome
with respect to coin 1. So Sx = {0,1},Sy = {0,1}. Then, S = Sx x Sy =
{(0,0),(0,1),(1,0),(1,1)}. We have Support = {(0,1),(1,0)}.

P(X=0Y=0=P(X=1Y=1)=0

P(X:O,Yzl):P(le,Y:O):%

X and Y are not independent because
P(X:()):P(X:0,Y=0)+P(X:0,Y=1):0—1—%Z%
P(Y:0)=P(X:0,Y=0)+P(X:1,Y=0):0—1—%Z%

P(X:O,Y:O):();é%-%:P(X:O)P(Y:O)

Given u (X,Y) = X +Y, we can compute the expected value of u (X,Y) as
follows:

E[U(X’Y” :U(O’O)f(070)+"'+u(1v1)f<1’1): Z u(m,y)f(m,y)

(z,y)€S

(0+0)~0+(0+1)-%+(1+0)é+(1+1}~0:1
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Definition 4.4 (Expectation of Bivariate Random Variable). Let u : Sx X
Sy — (—00,00) be a function of two variables. Let X,Y be two discrete
random variables with joint pmf f (z,y). The expected value of u (X,Y) is

Elu(X, V)= > u(zy)f(zy)
(z,y)€S

Given the former example, is it possible for us to evaluate E [X] knowing
f(z,y) and Sx,Sy? Let u(X,Y) = X, then,

Eu(X,Y)]= ) af(zy)

(z,y)€S

=0-f(0,00+0-f(0,1)+1-f(1,0)+1-f(1,1)
1 1 1

=0- Z41-241-0=2=

0-0+0 2+ 2+ 0 5

=E[X]

Definition 4.5 (Marginal Expectation). Let v : Sx x Sy — (—00,00) be a
function of two variables. Let X,Y be two discrete random variables with joint
pmf f (z,y). Let u(X,Y) = X, then,

px =Eu(X,Y)] = > af (z,y)
(z,y)eS

Definition 4.6 (Marginal Variance). Let X,Y be two discrete random variables
with joint pmf f (z,y). Let ux be the marginal expectation of X. Then, the
marginal variance of X is

ok = Y (@—ux)flmy)=| > &f(xy) | -k

(zy)€S (z,y)€S

Example 4.5. In a class of 40 students, we can categorize the students based
on their fantasy book preferences:

1. With probability = 0.45, a student prefers Lord of The Rings
2. With probability = 0.45, a student prefers Game of Thrones

3. With probability = 0.1, a student doesn’t like fantasy books

We want to compute the probability that 18 students prefer Lord of The Rings,
16 prefer Game of Thrones, and 6 do not like fantasy books. We can define three
“Binomial” random variables:

X = #of students that like Lord of The Rings = px = 0.45

Y = #of students that like Game of Thrones = py = 0.45

7 = #of students that do not like fantasy books = pz = 0.1
Note that pz = 1 — Px — Py, Then, the probability that 18 students like Lord of

The Rings, 16 students like Game of Thrones and 6 students do not like fantasy
books Is

6 6
P(X =18,Y =16) = p¥p® (1 —px —py)’ +p¥p3¥ (1 —px —py)° +

6 6
PPy (1 —px —py)” + -+ (1 —px — py) py°PY
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The number of elements in the above sum is equivalent to

40!
18!16! (40 — 18 — 16)!

Then,

40! 18,16

! 6
PX=18Y =16) = o6 — 18 —1myiPx Py (L= px —pv)

Definition 4.7 (Trionomial Random Variable). The two random variables X
and Y form a trinomial bivariate random variable with parameters n, px,py if

1.
S={(z,y):0<z,y<na+y<n}
:{(O,O ). 7( 7”))(1>0 s 7(1777'71)7(2a0),~~'a(n70)}
2. pmf:
— — — — n' r Y n—r—y
f(%y)—P(X—i&Y—y)—mpxpy(l—px—m/)

Remark. The trinomial random variable can be extended to the multinomial
case, where the number of outcomes is > 3.
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4.2 Lecture 11: Covariance, Correlation, Conditional Vari-
ables

Given a random variable X,
Var (X) = E [(X -B)[X]*| =E[(X - E[X]) (X - E) [X]
= measure of “variability” of the random variable X
Given two random variables X,Y’, a measure of “joint variability” is given by
E(X-EX) Y —-E[Y])]=E[XY - XE[Y]-YE[X]+E[X]|E[Y]]
=E[XY] = popy — patty + 11Xy
=E[XY] = papy

Definition 4.8 (Covariance). Given two random variables X, Y, their covariance
is defined as

Oay = Cov (X,Y) = E [XY] = pigpy
Remark. The covariance measures how X and Y tend to vary together. In

other words, the covariance measures how much X and Y are dependent on each
other. Note that

X, Y Independent = E [XY]|=E[X|E[Y] = pgpy
= Cov(X,Y)=0
Remark. The covariance is expressed in terms of two different unit of measure

of X and Y. It also depends on the distributions of X and Y, making it not
suitable for comparisons.

Definition 4.9 (Correlation Coefficient). Given two random variables XY,
the correlation coefficient of X,Y is
oXY

OxO0y
Remark. The correlation coefficient p is always —1 < p < 1. If X,Y indepen-
dent, it suggests p = 0.

Example 4.6. Let X,Y represent two independent fair coin tosses:

EXY]= Y ayf(zy)

(w,y)€S

=0-0f(0,0)+0-1f(0,1)+1-0f(1,0)+1-1f(1,1)
:0.0.1+0.1.1+1.0.11.1.1

4 4 4 4
_1
T4

Note that
1 1 1
EX]|=E[Y] = ~§+1-§:

0 2
1 1 1\? 1
Var(X):Var(Y)z[02-2—1—12-2}—(2) =1

B B 1 1/2_}
ox=oy=\y) T2
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It follows that oxy = 0 and p = 0. Now consider the random variables X and
Y such that fx (z) = % for z € {~1,0,1} and Y = X2. X and Y are clearly
not independent because X fully determines Y. It’s easy to show oxy = 0.

Example 4.7. Let X be the outcome of a fair coin toss and let Y = X. Then
oxy =E[XY] - pxpy =E[X?] - pk = 0%

2
_ OXYy _Ux_l
p= =5 =
OxXO0y Ox

Recall that

P(ANB)

P(ANB)=P(A| B)P(B) < P(4|B)= 55

Example 4.8. We have a bag containing 3 coins. Each coin has different
numbers on its sides:

1. Coin 1: Side A =1, Side B = 2

2. Coin 2: Side A = 2, Side B = 3

3. Coin 3: Side A =1, Side B=3
We draw a coin at random. Let

X = number on side A

Y = number on side B
The joint pmf is given by
1. Coinl: (X=1Y=2) = P(X=1Y=
2. Coin2: (X=2,Y=3) = P(X=2Y=3

W= Wl Wl

3. Coin3 (X=1Y=3) = P(X=1Y=3)=

with marginal pmfs given by P(X =1) =2/3,P(X =2)=1/3,P(Y =2) =
1/3 and P (Y = 3) = 2/3. What’s the probability that Y = 2 and Y = 3 given
X =17

Piv—3|x=nlE=LY=3 1

P(X=1) 2
P(Y:2|X:1):P()}()(:X1’Y1):2):;

Note that P(Y =y | X =1) # P (Y = y) because X,Y are not independent.

Definition 4.10 (Conditional Probability for Bivariate Random Variables). Let
X,Y be discrete random variables with joint pmf f (z,y). Then, the conditional
probability of X given Y and Y given X are respectively

P(X:x|Y:y):P(X:x7Y:y)_f(x7y)

PY=y)  fr(y
_ _ _P(X:J;,Y:y) _f(l',y)
PO=vIX=9="35-0 ~hw
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Definition 4.11 (Conditional Discrete Random Variable). Let X,Y be two
discrete random variables. Given any element y in the support of ¥ (such that
fy (y) > 0), the conditional random variable X given Y =y (X | Y = y or
X | y) is characterized by the conditional pmf:

fXﬂy()(‘ y)::

Continuing from the previous example, what are the mean and variance of
Y| X=17

EY | X =1] = nyY\le(y|$=1):§

yeS 2
E[Y?| X =1] = 2 =2
[ ‘ _1}_ny(Y|X:1)(y|w_l)_2
YESy
1
U%\X:le[YﬂX:l]*ﬂ%qx:lzz

Definition 4.12 (Conditional Mean and Variance). The conditional mean of
X |yis

Mkﬂy::}E[)(‘ y]:: zz: foTy()(| y)

TESx

The conditional variance of X |y is

Ui(ly = Z (x_“X\y)Qley (X |y =E [XQ |y] — (Mx\y)z

TESx

Example 4.9. Let X,Y be two independent uniform random variables from
the interval [0,1]. X > U (0,1),Y ~ U (0,1). Note that

fx(m):{l 0=w=l fY(y):{l V=y=1

0 otherwise 0 otherwise

because they are independent, we can find the joint pdf of X,Y by taking the
product of the marginal pdfs:

f(z,y) = fx (=) fy (y)

() 1 0<z,y<1
T,Yy) =
4 0 otherwise

Let a,b € [0,1]. We want to compute P (X < a,Y < b) = joint pdf of X, Y. We
do so as

P(Xga,ng):P(Xga)P(ng):/_b /_a f(z,y) dedy

:/_;/_;fm)fy(y) dwdy:/_boofy(y) dy/_;fx(x) da

b a b a b
:/ / f(z,y) d:z:dx:/ / 1dxd;g:/ ady = ab
—o0 J —o0 o Jo 0
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Definition 4.13 (Bivariate Continuous Random Variables). Let X,Y be two
continuous random variables. The joint probability density function f( - , - )
of X and Y is the function such that

P(Xga,ng):/b /a fz,y) dedy
—o00 J—o00
Theorem 4.2. The joint pdf f( -, - ) of X and Y satisfies
1. f(z,y) >0
2. f(z,y) = when (z,y) & Supporty

8. 2o [0 [ (wy) dedy =1

4. For any region A of the plane f (x,y)
PIXY) €A = [ floy) dody
A

Remark. Remember that for bivariate discrete random variables with joint pmf
f (z,y) we have

@)=Y fay A= fay

YyESy TESx

For bivariate continuous random variables with joint pdf f (z,y) we have that

fx (@)= [ f(z,y)dy = flxy) de

Sy SX
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4.3 Lecture 12: The Conditional Standard Normal Ran-
dom Variable

Given a joint pdf f (z,y) = % (1 — zy) of random variables X,Y, and a joint
support given by 0 <z < 1,0 < y < 1, can we derive the marginal pdf of X?
Remember that for bivariate discrete random variables, we have

= zz: f(xay>

yESy

where f (x,y) is the joint probability mass function. For bivariate continuous
random variables, we have

fx (@)= [ [f(x,y)dy

Sy

where f (xz,y) is the joint probability density function. It follows that

i - B -5

for 0 <z < 1. We can also in fact show that fol fx (z) de =1

Definition 4.14 (Marginal pdf for Continuous Random Variables). Let X,V
be two continuous random variables with joint pdf f (x,y). The marginal pdf of
X is

fx (@) = / f(2,y) dy Va € Supporty

The marginal pdf of Y is

fy (y / f(z,y) dez Yy € Supporty

Now, given f (z,y) from the start of this subsection, what can we say about
E[X],E [X?] and %7

E[X]:/fox(a:)dx:/ U fa:ydy]dx
/O;/O:Ox 2,9) dydz—// (1 - zy) dyde
e L)
G-

Definition 4.15 (Marginal Mean and Variance of Continuous Random Variables).
Let X,Y be two continuous random variables with joint pdf f (z,y). The mean

of X is given By
wx = / / (z,y) dydx
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The variance of X is given by
0% =E [(X - ,uX)z} = / / (x — pz)? f (z,y) dadx
B[]~ ()’ = [ [ afley) dode— ()’

Example 4.10. Consider the joint pdf and joint support: f(z,y) = 4 for
0<2<1,0<y< 5. Thesupport

Support = {(z,y) |0 <2 <1,0 <y < x/2}

is a triangle. Suppose we want to calculate P (0 < X <1,0<Y <1/2), the
probability over the whole joint support, then,

1 x/2
P(0§X§1,0§Y§1/2):/ / Adydz
0 0

1
:/ 2zdr =1
0

Now suppose we want to derive the marginal pdfs of X and Y, then, by definition,
we know

fx (@) =/fo fey)de  fr () =/fo [ (e.y) de

So,
x/2 z/2
fx(w):/ f(z,y) dy:/ ddy =2z
0 0
1 1

fr (4) = f<x,y>dx=/ ddz = 4(1 - 2)

2y 2y

for 0 <z < 1and 0 <y < 1/2 respectively. We can further check that
fx (x), fy (y) integrate to 1 over the marginal support, respectively. Note that

fx (@) fy (y) = 22 (4 = 8y) = 8z — 16y # 4 = f (z,y)
Thus, X,Y are not independent.

Theorem 4.3. If X,Y are two continuous random variables, they are indepen-
dent if Vx € Sx,y € Sy,

f(z,y) = fx (%) fy (y)

Example 4.11. Let f(z,y) =1,0<z < 1,0 <y < 1. Then,

e I
Jo 0dy =0 otherwise Jo 0dz =0 otherwise

Vz € [0,1],y € [0,1], we have fx (z) fy (y) = 1 = f(z,y). Then, X,Y are
independent.
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Remark. Everything we learned about conditional random variables, for exam-
ple, X |Y =y or Y | X =« applies to continuous random variables too, with
the following distinction:

For discrete random variables,

_f(=zy)
fX\Y:y (]y) = Ty (y)

where fx|y—y (z|y), f(x,y), fy (y) are all pmfs.
For continuous random variables,
fX|Y:y (= |y)

where fxy—y, (x| y), f (z,y), fy (y) are all pdfs.
Recall that

X ~N(0,1) = fx(z)= L exp(xQ>

YNN(Ov]-) = fY(y):

Then, if X,Y are independent, f (z,y) = fx (z) fy (y) = 3= exp (=3 (z? + y?)).
What if XY are dependent? What is their joint pdf? Remember that

E[XY]-E[X]E[Y] oxy

0Xx0y OXxX0y

We can use p to define the joint pdf of two dependent standard normal random
variables.

Theorem 4.4. Let X,Y be two standard normal random variables with correla-
tion coefficient p. The joint pdf of X and Y is given By

1

1
— 7271_ > exp (2 a= (xz — 2pxy + y2)>

Theorem 4.5. Let X,Y be two standard normal random variables with cor-
relation coefficient p. For any x € Sx, the random variable Y | x is a normal
random variable with mean

f(z,y)

E[Y | z] = pz
a linear function of x. And the variance of Y | x is given by

0'12/\30 =1 _p2

which does not depend on x.

[S3{[S¥)

Example 4.12. Let X,Y be two standard normal random variables with p =
Compute P(0.83 <Y <2.18)and P(0 <Y | X =5/3 < 2). We can do the fir
by

t

wn

P(0.83 <Y < 2.18) = ¢(2.18) — ¢ (0.83) = 0.1887
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For the second, we can do the following:
PO<Y|X=5/3<2)=P0<Y<2|X=5/3)

By Theorem 4.5,

ForY | X =2 ~ N (1,4%), Let
(Y|X:5/3)*,uy|x:(Y|X:5/3)—1

Z = ~ N (0,1
Oy‘X 4/5 ( )
Then,
PO<Y|X=5/3<2)=P 01,21 =P (-1.25< Z < 1.25)
N 4/5 4/5

= $(1.25) — ¢ (—1.25) = 2¢ (1.25) — 1
—2(0.8944) — 1 = 0.7888

Recall that

XN (irok) = fxle= e [(2‘”]

Y ~ N (py,03) = fy (y) =

1
e
\V2moy

If X,Y are independent, then

oo - gt [ 1[5 + 522 )]

What if XY are dependent? What is their joint pdf?

Theorem 4.6. Let X, Y be normal random variables with correlation coefficient
p. The joint pdf of XY, is given by
1 [ a(z, y)}

f(z,y) = exp |—
(z-9) 2roxoyy/1 — p? L 2

where

1 x—px)? r—px| [y—py y—py )’
q(z,y) = 7 QQ ] —2p +
—p ox ox L Oy 0y
Theorem 4.7. Let X,Y be two normal random wvariables with correlation

coefficient p. For any x € Sx, the random variable Y | x is a normal random
variable with mean

g
E[Y | 2] = py + p— (v — p1x)
ox
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a linear of function of x and the variance of Y | x is given by
G%‘x = 032, (1 - p2)
which does not depend on x.
Remark. Note that by Theorem 4.7, we have
ox
E[X [yl =px +p— (y— py)
oy

and

aiqy = oi (1 — p2)
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4.4 Lecture 13: Transformations of Random Variables &
Convolution

We begin with a notation on remark for this lecture only. I will use the notation
Sx to indicate the support of X, remember that in all other lectures, Sx =
outcome space of X.

Example 4.13. Let X be a discrete random variable with pmf and support
fx () =P (X =2) = %,Sx :={0,1,2}. Let us consider the random variable
Y = X2. We want to find the pmf and support of Y.

y=a°Va € Sx = Sy :={0%1%2*} ={0,1,4}

P(Y=0)=P(X?=0)=P(X=0)=% : y=0
)= (PO =1=P(X!=1) =P(X=1)=} =i y=1
P(Y=4)=P(X?=4)=P(X=2)=3 3 oy=4

Note that we are inverting the function u (X) = X2 only on the support of X.

Recall that if © : Sx — Sy is an invertible function, its inverse is the
function v : Sy — Sx such that

1. v(u(z)) =z VYxeSx
2. u(w(y) =y Yy €Sy

Example 4.14. Let us consider a continuous random variable with support:
Sx :={X € R}. Let u: Sx — Sy be u(z) = 22 such that the random variable
Y = X2, Then, v: Sy — Sx isv(y) = V¥,y > 0. Note that

v(u(z)) =v(2?) = Va2 = |z|=x forz >0
u(v(y) =u(Vy) = (V5" =yl =y fory>0

It might be tempting to say that wu is invertible, but it is not because
Ve <0:v(u(z)) =0 (2?) =Va2=|z| = —z

This means that u (x) is not invertible on the whole support of X.

Theorem 4.8. Given a discrete random variable X with support Sx = {c1,ca,...}
and pmf fx, and an invertible function u : Sx — Sy, then the support and
pmf of the random variable Y = u (X) are:

1. SY = {’U,(Cl,u(CQ),...)}
2. fy(y) = fx(v(y)) VyeSy
where v : Sy — Sx is the inverse function of u.

Remark. We can still find Sy and fy (y) if u is not invertible on the whole Sx,
but it is invertible on complementary partitions of Sx.
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Example 4.15. Let X have fx (z) = §,Sx :={-2,-1,0,1,2}. Let ¥ = X2,
we want to find Sy, fy (y). Note that X2 is not invertible on the whole Sy,
however, it is invertible on the two complementary partitions.

le = {—2,—1},5}(2 = {0,1,2}

v = {27 -1’} 8, = {07, 1, 2}
Sy = Sy1 U Sy2 = {0, 1,4}

PY=0=P(X?=0)=P(X=0)=1
fx(y)=qP¥Y =1)=P(X*=1)=P(X=-1)+P(X=1)=2
P(Y=4)=P(X?=4)=P(X=-2+P(X=2)=2

Example 4.16. Let X ~ Poisson (A =4). Then Sx :={0,1,2,...}, fx (z) =
41;;4. Let Y = u(X) = vVX. We want to find Sy, fy (y). u(X) is invertible

on the whole Sx, then, Sy := {0,1,v/2,v3,... }. v: Sy — Sx is v (y) = ¢°.

fry)=PY =y)=Pu(X)=y)=PX =v(y)

4v% g4

= fx (v(y) = fx (v*) = W)

Theorem 4.9. Given a continuous random variable X with support Sx =
{z:c1 <z < e} and pdf fx and an invertible function u : Sx — Sy, then the
support and pdf of the random variable Y = u (X) are:

1. Sy ={y:u(a) <y <u(c)}
2. fy (y) = fx (w(®) [V (v)]
where v : Sy — Sx is the inverse functions of u.

Remark. We can still find Sy, fy (y) when w is not invertible on the whole Sx
but it is invertible on complementary partitions of Sx.

Example 4.17. Let X ~ exp (A = 1), such that Sx := {x e R: 0 <z < o0},
fx(z) =e™® Let u: Sy — Sy be u(z) = eX such that Y = eX. We want
to compute Sy, fy (y). Is e” invertible on 0 < & < co? As a matter of fact, yes.
Then, by theorem 4.9,

Sy :={y=u(z):z€Sx}={e*:0<z <00}
:{y:eo<y<e°°}:{y:1<y<oo}

Note that v: Sy — Sx isv(y) =In(y),y € (1,00). The cdf of YV is

Fy (y)=PY <y)=Pu(X)<y)=P(X <v(y)
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Example 4.18. Let X be a continuous random variable with support Sx :=
{reR:-1<z<2}, fX(x):“"—;. Let u: Sx — Sy be u (z) = 2. We want
to compute Sy, fy (y). Is u (x) invertible on the whole Sx? The answer is no.
However, u (z) is invertible on

Sx, ={r€eR:-1<2<0} and Sx, :={r€eR:0<z <2}
From Theorem 4.9 on the two partitions Sy, and Sy,, we have
vi ={u(x):z €8x} ={2>: -1<2 <0}
={yeR:0<y<1}
Sy, ={u(zx):zeSx,}={yeR:0<y <4}

Then, Sy := Sy, USy, = {y € R: 0 <y < 4}. Now, u is invertible on both Sx,
and Sx,, So

. 1
v1: Sy, — Sx, s v (y) = —/y for 0 <y < 1,0} (y) = —m
1
. i = f 4 ! _
vg 1 Sy, — Sx, is va (y) = /y for 0 <y < 4,0 (y) NG
We apply Theorem 4.9 on separate partitions to yield
2
VY
fyl(y):fx(vl(y)|vl1(y)):( {)‘2\[’ <y<l1
fyz(y)fo(vg(yHUé(y)):(3 2[’ ff0f0<y<4
Then, fY (y) = fY1 (y) + fY2 (y)
le(y)-Fsz(y):%-FO:? y=0
fy(y)= le(y)+fY2(y):%+£:§ 0<y<1
)+ fn@) =0+ =¥ 1<y<4
0 otherwise

Example 4.19. Let X ~ U (1,2),Y ~ U (—2,—1). Let us consider the random
variable Z = X + Y, and assume that X <Y are independent. We want to find
hte pdf of Z.

Fz(a)=P(Z<a)=P(X+Y <a)=P(X<a-Y)=Fx(a—y)

We cannout compute Fx (a —Y') directly because Y is a random variable. How-
ever, if X,Y are independent, we can integrate over all possible values of y to
express Fx (a —Y).

Fxoy ()= Fxa=Y)= [ Fxla=y) v () d

Then, by definition of pdf,

fxtv (a = Ta / Fx (a—vy) fy (y) dy
o g 0
:/ —Fx (a—y) fy (y) dyz/_ fx(a—y) fy (y) dy

oo da
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Then, in our example

fz<z>=/_°° fx (2 =) fy () dy

0 otherwise 0 otherwise

fX(ZZ/){

0 otherwise

1 1<z—y<2{1 so2<y<z—1

Now, since fx (z —y) and fy (y) have different bounds, we have to compute 2
integrals. Consider the first case where —1 < z < 0. In this interval, —2 < z <
z—1.

z—1
/ fx(a—y)fY(y)dyZ/22*11dy=z—1+2:z+1

-2
Now, consider the second case where 0 < zlegl. In this interval, z —2 <y < —1.

-1 -1

fx(a—y)fy(y):/ ldy=—-142—-—2z=1-2

2—2 2—2
Then,
z4+1 —-1<2<0
fz(z)=<1—-2z 0<z<1

0 otherwise

Definition 4.16 (Convolution). Let X and Y be two independent continuous
random variables having pdfs fx (z), fy (y) respectively. The cdf of X +Y is
called the convolution of Fx (z) and Fy (y) and is defined as

oo

Fx+y(a):P(X+Y§a)=/ Fx (a—y)fy (y) dy

— 00

Definition 4.17 (Differentiation of the Convolution). The pdf of X + Y is
obtained by differentiating the convolution of Fx (x) and Fy (y):

P @ = [ Py fr) o= [ fx—u) v )y

Example 4.20. Let X ~ exp (%) ,Y ~ exp (%) be independent. We want to
find fxiy (2) = fz (2) where Z=X+Y.

fz<z>:/f° fx (2 =) fr (v) dy

z2—y

- OSz—ygoo_{ée_2 Y>>z

otherwise 0 otherwise

fx(z—y)= {Se

le—1(0) o< y<
_Jae® <y< o
Ir ) {0 otherwise

We have the same bounds for y over all possible valuez of z, so we need to
compute only 1 integral.
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5 Multivariate Random Variables

5.1 Lecture 14: Law of Large Numbers, Central Limit
Theorem, Convergence in Distribution
Suppose we want to solve the following problem:
1. Let Xq,...,X, be n independent random variables.
2. Let uy (+),...,un () be n functions.
3. Let Y =uy (X1) +ug (Xo) + - +up (X)) =D 0w (X5)
What exactly is E[Y] and Var (Y)? Let ug (X1) = a1X1,...,un (Xn) = an X,
a; € RVi.

E[Y] =E :E[ale] +E[a2X2] ++]E[aan]

n
E a; X;
i=1

=aqE [Xl] + asE [XQ] + -+ a,E [Xn]

n
=aipx, + ot anpx, = Z a;fix;
i=1

Note Vi =1,...,n,
E [(aiXI - aiuxiﬂ =E [(az‘Xz')z — 2a} Xipx, + a?/@a}
— B [X7] - 2024, + a2, = (E [XF] - 3,)

= ajox, (Result 1)
Also, note that Xy,..., X, are independent. Let us consider for now a; = as =
- =a, =1,such that Y = > 1" | X;:

n
E [Y] = ZMXi
,L_l_ n n 2
032/ =E (Z)ﬂ — ZHX11>
i=1 i=1

(£5)"-2(£ ) (S + (S]]
=5 [(x)] -2 (Sw) B[] + (S
()] (Sox)

Let i = 1,2, i.e., n =2, then
o} =B [(X1 + X2)” = (nx, + pix,)’]
=B [X7 +2X1 X + X5 — pi&, — 2px, pix, — 1%, ]
=E [X?] +E [X3] - pX, — 1k, + 2E[X1] E[Xo] — 2ux, pix,
=E[X7] - p%, +E[X5] —pk,

2 2
- JX1 + JX2
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This result holds for any n > 2, then,
Y=Y X, = o} =) o%, (Result 2)
i=1 i=1
Combining Result 1 and Result 2, we get the fundamental result that
n n
Y = ZaiXI — 0% = Zafogg
i=1 i=1

Theorem 5.1. Let X1,..., X, ben independent random variables. Letaq,...,an,
€ R. LetY be the random variable

Y = ZazXZ = G,le —|—(12X2 4+ —i—aan
=1
Then,

Hy = E [Y] = iazE [Xz] = (LlE [X1] + GQE [XQ] +--- 4+ anIE [Xn]

0% = Za?ag(i = a?og(l +a20X? + - +a20X,?
i=1
Example 5.1. Let X7, X5, X5 be independent binomial random variables such
that
X1 ~ bin(n1 = 4,p1 = 1/2)
XQ ~ bin(ng = 6,p2 = 1/3)
Xg ~ bin(n3 = 12,])3 = 1/6)
Let Y = X1 + 2X2 + 3X3 Then,
E[Y]=E[Xi] +E[Xo] + E [X5]
= n1p1 + 2nap2 + 3nzps
=12
0% = a§(1 + 40%2 + 90%3
=nip1 (1 —p1) +4napa (1 — p2) + Ingps (1 — p3)
=64/3

Example 5.2. Let a1 = a3 =---=a, = % and Xq,...,X, be n independent
random variables. Then,

i=1 =1

Let us also consider the case where X7, ... X,, are identically distributed with
mean g and variance o2. Then, by Theorem 5.1, we have

n

SUEE LV

1 1 o2
a§2:—2502:—2n02:—
n2 < n n
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Theorem 5.2 (Weak Law of Large Numbers). Let X1,...,X,, ben independent
random variables with mean u and variance o2. Let

. X 44X,
P 1+ +

Then,
2

IE[X] Sy Var(X) - %

Remark. The importance of the Law of Large Numbers is given by its im-
plication that the result of one random experiment is unforseeable, but the
average result of a large number of iterations of the same random experiment is

predictable.
lim E[X] =L, lim Var (X) =0

n—oo n—oo

Example 5.3. Let Y = a1 X; + -+ a, X,, where X1,...,X,, are independent
random variables and ay,...,a, € R. We want to find My (¢), the moment
generating function of Y.

My (8) = E fexp (t9)] = E [exp (¢ (a1 X1 + -+ + 0, X))

= E [exp (ta1 X1) exp (tazXs) - - - exp (ta, X, )]

= E [exp (ta1 X1)] E [exp (taz X2)] - - - E [exp (tan Xp)]
= Mx, (a1t) Mx, (ast)--- Mx, (ant)

= H My, (a;t)

We can express this succinctly as

My (t) = E [exp (ty)] = [exp (t (Z ale>>] =E ll‘[ exp (taixi)]

:HE[eXp ta; X;) HMX a;t)

=1

Theorem 5.3. Let X1,..., X, ben independent random variables. Letaq,...,a,
€ R. LetY be the random variable Y = Z?:l a; X;. Then,

= H My, (a;t)
i=1

Example 5.4. Let Xq,...,X,, be n independent exponential random variables
with mean 6. Let Y = >""" | X;. We know that My, = e=h Gt) then,

My (0 = J[ M, () = =5

the moment generating function of a Gamma random variable with parameters
n, 0.
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Example 5.5. Let X;,...,X,, be n independent and identically distributed
normal random variables:

X; ~ N (p,0%) Vie{l,...,n}

2

Let X = %Z?:lXi — E[)N(} = u and Var (f() = 2. We want to

understand M ¢ (t), the moment generating function of X. Now,

Mg (t) = f[lMXi (2)

and
2, t tt?2
Mx, (t) =exp |ut+ —0°| = Mx, | — ) =exp |u—+ —0
: 2 “\n n  2n?
Then,
n n 2 2 n
t o t 2,
My (0 =[x (5)- [[ex 4 3| = [ow |+ 5|

t t? o2
=exp |n |p— + 550 =exp | put + ——
n o 2n 2 n

The moment generating function of a normal random variable with parameters
(u,az/n), then,
~ 0'2
X~N (,u, )
n

X —

w=="F

a/v/n

If Xq,...,X, are independent and identically distributed with mean p and
variance o2, even if they are not normal random variables, it still holds that

Then,

~ N (0,1)

X
L4, Z~N(©0,1)

o= BT

d . . e e
where —— indicates convergence in distribution.

Theorem 5.4 (Central Limit Theorem). Let X1, ..., X, be independent random
variables with mean p and variance o2. Let W be the random variable

_X—N_ (s Xi) —np
V=Sl =" ovn

then W converges to a standard normal random variable as n — o0.

Example 5.6. Let X1, ... X509 be the change in value of 500 sticks in a time
span of 1 year. Assume that Xi,..., X500 have the same mean y = 0, and
0% = 64, a very unrealistic assumption. Also assume that Xi,..., X500 are
independent, also an unrealistic assumption. We ask, how much money can we
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make if we purchase onf each stock one year from now? We cannot answer this
question because it would mean that we are able to predict the outcome of each
one of these 500 random experiments. However, we can ask the probability that
we will make a profit of at least 27

P(XZQ):P 93—022—0 _1_p :c70<1000
8/500 — 8/500 8/500 8

=1-¢(125)~1—-1~0

because, by Central Limit Theorem, we have that 85;380 ~ N (0,1).

Remark. Remember when we showed that a binomial random variable with

parameters (n,2) converges to a Poisson with parameter A? That was an

example of convergence in distribution.

sem(u) = ser-rnn= ) () (-2)

Y ~ Poisson (\) = fy (k) =P (Y =k) =

and we showed that
lim fx (k) = fy (k)

n—oo

Example 5.7. Let us consider the sequnce of continuous, independent random
variables X1,...,X,,. Let
n
Y=>X;
i=1

Let’s assume that the distribution of X1, ..., X, is such that

1-(1-H™ z>0
F = n
v (@) {O otherwise

Show that Y converges in distribution to an exponential with parameter A = 1.
Remember that W ~exp (1) = Fw () =1 — e *. Then,

1 nxT 1 nxT
lim Fy (z) = lim (1—(1—) )zl—lim (1—)
n—oo n—oo n n—oo n

=1—-e%=Fy(x)
SO ¥y W~ exp (1), i.e., Y converges in distribution to an exponential
random variable with parameter A\ = 1.

Definition 5.1 (Convergence in Distribution). A sequence of random variables
Xi,...,X, converges in distribution to a random variable X if

lim Fx, () = Fx (z)

n—oo

where Fx, (z) is the cdf of the sequence Xi,...,X,, forallz at which the cdf
of X, Fx (x) is continuous.
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In some cases, if X1, ..., X, are discrete random variables, there might be
an issue with the Central Limit Theorem. let X; ..., X, be independent and
identically distributed Bernoulli random variables with parameter P. Then,

Y:ZXiNbin(n,p) EY]=np Var(Y)=np(l-p)
i=1
By Central Limit Theorem,
Y —np d

W= Z~N(0,1)
np (1 —p)

Let k € {1,2,...,n}. Then, by Central Limit Theorem,

P(Y—k)—P(W—k_np )

np (1 —p)

We is continuous, so the RHS is always 0. But, the LHS is not. This contradiction
arises because we are approximatting a discrete random variable with a continuous
one. We can solve this issue using a “half-unit correction”. Because k is an
integer

P(Y=k)=Pk—-e<Y<k+e¢e), ceR

Thenm
k—e—
Y=k-e= W=—_""
np (1 —p)
Y=k+e = W:7k+a—np
np (1 - p)

By Central Limit Theorem,

P(Yk)P(ksnp W k+z—:np>

Vnp (1 —p) e Vvnp (1 —p)

This method’s name comes from the fact that when it was first proposed, ¢ = 0.5.
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